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1 Introduction

Ion implantation is a critical process in the field of materials science and semi-
conductor manufacturing, where ions are introduced into a substrate to modify
its physical and electrical properties. This technique relies on understanding the
fundamental interactions between ions and target materials, particularly during
binary collisions. The dynamics of these interactions can be effectively modeled
using classical mechanics, specifically through the lens of two-body scattering
under conservative central repulsive potentials.

In this article, we explore the theoretical framework governing ion implan-
tation, focusing on the trajectories of projectiles as they approach and interact
with stationary targets. We begin by establishing the conditions of the collision,
including the initial kinetic energy of the projectile and the impact parameter,
which plays a crucial role in determining the outcome of the interaction. By
employing numerical methods, such as Newton’s method, we aim to accurately
approximate the time integrals that describe the scattering process as well as
the scattering angle.

Codes and plots are all produced by MATLAB.
This is a report for my summer project with Silvaco Europe Ltd.

2 Two-body scattering

Initially, the interaction between the projectile with mass m1 and initial given
kinetic energy E0, and a target mass with mass m2 at rest, is negligible due to
large distance. Fig. 1 shows a projectile initially located at the point P0 and
a target initially located at the point T0. b is the impact parameter. As the
projectile approaches the target, the particles reach the apsis of the collision,
i.e., the minimum distance. Then the particles continue moving until they reach
the final points Pf and Tf , respectively, separated by a distance beyond which
the interaction between the two particles can be ignored again.

To solve the problem of two particles interacting in a central and repulsive
potential, it is convenient to express in the centre of mass (CM) equations of
motion that describe the trajectories of the particles. Hence, we can obtain the
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Figure 1: Laboratory-frame trajectories of the projectile and the target inter-
acting under a conservative central repulsive potential in the binary collision
approximation. The position of the particles are shown at the apsis of the col-
lision.

scattering angle in the CM frame:

Θ = π − 2b

∫ ∞

rm

dr

r2
√

1− U(r)
Ec

−
(
b
r

)2 (1)

and the time integral:

τ =
√
r2m − b2 −

∫ ∞

rm

dr

(
1√

1− U(r)
Ec

− b2

r2

− 1√
1− b2

r2

)
, (2)

where r = rm satisfies

1− U(rm)

Ec
−
(

b

rm

)2

= 0. (3)

Ec is the kinetic energy at the CM frame in quasi-elastic scattering, and its
expression in terms of the given m1, m2 and E0 is

Ec =
A

1 +A
E0,
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where A = m2/m1 is the mass ratio of the target to that of the projectile.
The time integral τ represents the difference between the time taken by a

non-interacting projectile to reach the apsis with the target.
Next, we assume that the scattering is not perfectly elastic and some energy

is lost by electron excitation. Suppose the energy lost by this local electronic
stopping is Q. We define the factor

f =

√
1− Q

Ec
=

√
1− 1 +A

A

Q

E0
.

Notice that that f = 1 assuming no electronic losses. Assuming f < 1, then the
scattering angles of the projectile and the target atoms are

tan θ =
fAsinΘ

fAcosΘ + 1

and

tanϕ =
fsinΘ

1− fcosΘ
.

It is also possible to calculate the energy transferred by the projectile to the
target particle due to collision, i.e., the transferred energy. Assuming electronic
losses (f < 1), then the transferred energy T is given by

T =
A(1− f)2 + 4fAsin2

(
Θ
2

)
(1 +A)2

E0.

3 Numerical approximations

We want to approximate the time integral (2). Firstly, we approximate rm
numerically.

3.1 Finding rm numerically

To evaluate rm numerically, we are going to use the Newton’s method. The
known parameters are m1, m2, E0 and b. Therefore, to apply Newton’s method
to (3), we need to determine the form of the potential U(r).

The interaction between the nuclei during collisions, in particular during
close encounters, can be accurately described using a repulsive Thomas-Fermi-
like interatomic potential. This potential form was derived by Thomas and
Fermi from statistical considerations regarding the electronic structure of many-
body systems. According to their model, the potential takes the form of a classi-
cal Coulomb electrostatic repulsion between nuclei, screened by a function that
describes the close shell atomic electron distribution, which writes as follows:

U(r) =
Z1Z2e

2

r
ϕ(r/a) (4)
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where ϕ(r/a) is the screening function and a is the screening length. The screen-
ing function ϕ(x = r/a) can be written as a sum of exponential terms:

ϕ(x) =

n∑
j=1

exp(−βjx).

In the Moliere version [2], n = 3 and the screening function writes:

ϕ(x) = 0.35 exp(−0.3x) + 0.55 exp(−1.2x) + 0.1 exp(−6x). (5)

A more popular potential established by Ziegler, Biersack and Littmark, com-
monly called the Universal or the ZBL potential [2], n = 4 and the screening
function writes:

ϕ(x) =0.18175 exp(−0.31998x) + 0.50986 exp(−0.94229x)

+ 0.28022 exp(−0.4029x) + 0.02817 exp(−0.20162x).

For the remaining part of this report, we will use the Moliere potential (5).
To implement Newton’s method on (3), we first simplify (3) by defining the

reduced energy ϵ as

ϵ =
Ec

C
= Ec

/(Z1Z2e
2

a

)
,

then we can rewrite the Moliere potential (4) as

U(rm) =
Z1Z2e

2

rm
ϕ
(rm

a

)
=

Z1Z2e
2

a

a

rm
ϕ
(rm

a

)
= C

a

rm
ϕ
(rm

a

)
,

where ϕ is the screening function in (5). Therefore, (3) can be rewritten as

1− 1

ϵ

a

rm
ϕ
(rm

a

)
−
(

b/a

rm/a

)2

= 0. (6)

Let

R :=
rm
a

, B :=
b

a
, (7)

then (6) becomes

1− 1

ϵR
(0.35e−0.3R + 0.55e−1.2R + 0.1e−6R)−

(B
R

)2
= 0,

or equivalently,

R2 − R

ϵ
(0.35e−0.3R + 0.55e−1.2R + 0.1e−6R)−B2 = 0.
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Figure 2: Dependence of the distance of closest approach rm on the impact
parameter b for Moliere potential. rm and b are normalized to the screening
length a. The parameter of the curves is the reduced energy ϵ.

We can plot the dependence of R = rm
a on the impact parameter B = b

a for
Moliere potential (Fig. 2). This agrees with the Fig. 2.8.a in [1].

The MATLAB code for determining the root of (3) with Newton’s method
is the following:

function root = newton_root(epsilon, B, R0)

f = @(R) R^2 - R * (0.35 * exp(-0.3 * R) + 0.55 * exp(-1.2 * R) +

0.1 * exp(-6 * R)) / epsilon - B^2;

df = @(R) 2*R - (0.35 * exp(-0.3 * R) * (1 - 0.3 * R) + 0.55 *

exp(-1.2 * R) * (1 - 1.2 * R) + 0.1 * exp(-6 * R) * (1 - 6 * R))

/ epsilon;

R = R0;

iter = 0;

tol = 1e-6;

max_iter = 1000;

roots = zeros(max_iter, 1);
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while abs(f(R)) > tol && iter < max_iter

R = R - f(R) / df(R);

iter = iter + 1;

roots(iter) = R;

end

root = R;

% Remove unused part of roots array

roots = roots(1:iter);

figure;

plot(1:iter, roots, ’-o’, ’LineWidth’, 2);

xlabel(’Number of teration’);

ylabel(’Root Value’);

grid on;

end

For example, if we call the above function with the input ϵ = 0.0001, B = 30
and initial guess r0 = 100:

>> root = newton_root(0.0001, 30, 100)

we get the normalised root R = 30.2038. A plot of the convergence of the root
after a few iterations is shown in Fig. 3.

Figure 3: The estimate of the root for (2) using Newton’s method.
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3.2 Evaluation of the scattering angle and time integral

3.2.1 Gauss-Legendre quadrature

The integral defining the scattering angle Θ (1) in the CM frame and the time
integral τ (2) can be rewritten with the substitution [1]:

r =
rm

1− u2
, dr =

2rmu

(1− u2)2
du.

Then the integrals have the following forms:

Θ = π − 4b

∫ 1

0

F (u)du, (8)

τ =
√
rm − b2 − 2r2m

∫ 1

0

du (1− u2)−2
(
F (u)−G(u)

)
, (9)

where

F (u) =

(
b2(2− u2) +

r2m
u2Ec

[
U(rm)− U

( rm
1− u2

)])− 1
2

and

G(u) =

(
b2(2− u2) +

r2m
u2Ec

U(rm)

)− 1
2

.

The interaction potentials U(r) used in scattering problems are usually
screened Coulomb potentials (sums of Yukawa potentials). They need to obey
the conditions

dU(r)

dr

∣∣∣∣
r=rm

<
2b2Ec

r3m
(10)

which guarantees that the function F (u) is not singular at u = 0, and the
condition

lim
r→∞

rU(r) = 0, (11)

which guarantees that the time integral in (9) is finite. It can be easily seen
that the potentials in (4) satisfy the above conditions.

Now, the integrals (8) and (9) can be evaluate by a Gauss-Legendre quadra-
ture ∫ 1

−1

f(x)dx =

n∑
i=1

ωif(ai). (12)

The integral limits can be brought to the form shown in (12) by a change of
variable: ∫ b

a

f(x)dx =
b− a

β − α

∫ β

α

g(y)dy, (13)

with (β − α)x = (b− a)y + (aβ − bα).
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3.2.2 Gauss-Chebyshev quadrature

The integral defining the scattering angle Θ (1) in the CM frame and the time
integral τ (2) can also be rewritten with the substitution [1]:

r =
rm
u

, dr = −rm
u2

du.

Then the integrals have the following forms:

Θ = π − 2b

rm

∫ 1

0

du (1− u2)−
1
2H(u), (14)

τ =
√
r2m − b2 − rm

∫ 1

0

du (1− u2)−
1
2

(
H(u)− I(u)

)
u−2, (15)

with

H(u) = (1− u2)
1
2

(
1− b2u2

r2m
−

U( rmu )

Ec

)− 1
2

,

I(u) = (1− u2)
1
2

(
1− b2u2

r2m

)− 1
2 .

For potentials that satisfy the conditions (10) and (11), it can be guaranteed
that H(u) has no singularity at u = 1. For repulsive potentials b < rm, I(u)
has no singularity. Therefore, the integrals in (14) and (15) have a form which
can be easily evaluated by a Gauss-Mehler quadrature:∫ +1

−1

dx (1− x)α(1 + x)βf(x) =

n∑
i=1

ωif(ai).

If α and β are ±1/2, then the weights ωi are simple and the ai are trigonometric
functions. For α = β = −1/2, the weights ωi and quadrature points ai have the
following form:

ωi =
π

n
, ai = cos

2i− 1

2n
π , i = 1, ..., n.

This is also known as Gauss-Chebyshev quadrature with this particular weight
function ω(x) = 1√

1−x2
. Therefore, the Gauss-Chebyshev quadrature of order

n− 1 is given by ∫ 1

−1

dx
f(x)√
1− x2

≈ π

n

n∑
i=1

f

(
cos

2i− 1

2n
π

)
. (16)

The error for this approximation is∫ 1

−1

dx
f(x)√
1− x2

− π

n

n∑
i=1

f

(
cos

2i− 1

2n
π

)
=

πf (2n)(ξ)

22n−1(2n)!

for some ξ ∈ [−1, 1].
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Using (13) and (16) on (14) and (15), we can obtain an approximation for
the scattering angle and time integral [1]

Θ = π − 2b

rm
· π
n

n∑
i=1

bibn−i+1

[
g

(
rm
b2i

)]−1

(17)

and

τ =
√
r2m − b2 − rm · π

n

n∑
i=1

bibn−i+1

b4i

(
g

(
rm
b2i

)−1

− ḡ

(
rm
b2i

)−1
)
, (18)

where

bi = cos
2i− 1

4n
π,

g(r) =

√
1− U(r)

Ec
− b2

r2
,

ḡ(r) =

√
1− b2

r2
,

and n is the number of pivots.
When comparing the two quadrature methods, the Gauss-Chebyshev quadra-

ture is generally more accurate than the Gauss-Legendre quadrature in evalu-
ating the scattering angle integral but is less accurate for the time integral for
a fixed number of quadrature points.

4 Sketching graphs

4.1 Accuracy of measuring scattering angle and time in-
tegral

Let’s rewrite approximate of scattering angle Θ in (17) and time integral τ in
(18) in terms of the normalised values R and B according to (7):

Θ = π − 2B

R

π

n

n∑
i=1

bibn−i+1 g(R)−1

where

g(R) =

√
1− b2i

ϵR
(0.35e−0.3R/b2i + 0.55e−1.2R/b2i + 0.1e−6R/b2i )− B2

R2
b4i

and

bi = cos
2i− 1

4n
π.
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Figure 4: Accuracy of Gauss-Mehler procedures to measure the scattering
angle compared to a 104-point Gauss-Mehler calculation with reduced energy
ϵ = 10−4 and the Moliere potential.
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Figure 5: Accuracy of Gauss-Mehler procedures to measure the time integral
compared to a 104-point Gauss-Mehler calculation with reduced energy ϵ = 10−4

and the Moliere potential.
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