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1 Introduction

A Support Vector Machine (SVM) is a supervised machine learning algorithm
used for classification and regression tasks. It works by finding the optimal
hyperplane that separates data points of different classes with the maximum
margin, ensuring robust generalization. The algorithm uses support vectors
(data points closest to the hyperplane) and can leverage the kernel trick to
handle non-linear decision boundaries in high-dimensional spaces.

2 Large Margin Classifiers

Consider a binary classifier of the form h(x) = sign(f(x)), where f(x) is a linear
function given by
f(x) = wTx + wp. (1)

The decision boundary is given by y = f(x) = 0. Assume the class labels § are
—1 and +1 which correspond to y < 0 and y > 0 respectively. We want to set
up the optimization problem which maximize the margin, the distance of the
closest point to the decision boundary.

From Figure 1, we see that

x=x +r—2_ (2)
[[wl|

where r is the distance of x from the decision boundary whose normal vector is
w, and x’ is the orthogonal projection of x onto this boundary.

Goal: Maximize r by expressing it as a function of w and wy first.



Figure 1: Ilustration of the geometry of a linear decision boundary in 2d.

Since x’ is on the decision boundary, then f(x') =0, i.e.,
0 =wx" + wo. (3)
Then,

w
F) =w (X + 7o) +wo = w X+ rf|w]| + wo = rfw]. (4)
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Hence, we get the expression for r

= (5)

Since we want to ensure each point is on the correct side of the boundary,
we impose a further constraint f(x,)g, > 0. Then, our optimisation problem
becomes
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Note that there is a rescaling invariance in the above expression: w — kw,
wy — kwg. So let’s define the scale factor such that g, f,, = 1 for the point that
is closest to the decision boundary, so that ¢, f, > 1 Vn.

Moreover, note that maximizing 1/|lw| is equivalent to minimizing ||w]|.
Thus the new optimization objective becomes



1
arg min §H'w||2 st. Jn(wTx, +wo) >1 Yn=1,..,N. (7)
w,wo

Here, the factor of % is added for convenience and does not affect the optimal
parameters.

3 The Dual Problem

Equation (2) is a primal problem (see [1]). In convex optimization, for every
primal problem, we can derive a dual problem. Let a € RV be the dual
variables, corresponding to Lagrange multipliers that enforce the N inequality
constraints. The generalized Lagrangian is given below
1 N
E(W,wo,a) = ngw - Z an(gn(wan + wO) - 1)7 (8)

n=1

and the new optimization goal is

(W, W, &) = arg min arg max L(w, wo, o). (9)
w,wo (e

We can do this by computing the gradients wrt w and wy and setting them
to 0.

N
Vuwl(w,wy,a) = w — Z AnYnXn (10)
n=1
P N
Twoﬁ(w’wo’a) = —;anyn (11)

and hence

N

N
0= dnin. (13)

Plugging (12) and (13) into the Lagrangian yields the following

N N N
I 1 o
L(w, W, ) = —3 Z Zaiajyiij?xj + Z Q. (14)
n=1
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Next, we maximize £ wrt ac s.t. Y a,¥n =0, oy, > 0. (see [1])



4 Soft Margin Classifiers

If the data is not linearly separable, there will be no feasible solution in which
Ynfn > 1 for all n. We therefore introduce slack variables &, > 0 and replace
the hard constraints that y, f, > 1 with the soft margin constraints that
Ynfn = 1 —&,. The new objective becomes

argwmm ||wH2+CZ§n st & >0, Ja(xpw+we) > 1-&, (15)

n=1

where C' > 0 is a hyperparameter controlling how many points we allow to
violate the margin constraint.

5 The Kernel Trick

T

We can replace all inner product operations x*'x’ with a positive definite kernel

function K(x,x’).
Then we can rewrite the prediction function as follows:

f(x) =@ + 1wy = Zanynx X+ Wy = Zanyn (xp, x) + o, (16)

and Equation (14) as follows:

N
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ZZ ;0799 K (x4, X —|—Zan (17)
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For example, in 2d, we can use a second-order polynomial kernel

K(x,2) = (x72)* = (v121 + 7229)*

— 2
= 2222 + 20 w02 20 + 1222

22 (18)
= (23 V2miws %) [ V2220 | = 6(x)"0(2).
%
Another choice is the Gaussian kernel:
[x — 2
K(x,z) = exp ( - T) (19)

Advantages of the kernel trick:



e allows us to avoid having to deal with an explicit feature repre-
sentation of our data, and allows us to easily apply classifiers to
structured objects, such as strings and graphs.

e enables SVMs to create complex, nonlinear decision boundaries
by selecting an appropriate kernel.

Example.

(Fitting an SVM classifier by hand) Consider a dataset with 2 points in 1d:
x1 = 0 with label §j; = —1 and 25 = v/2 with label jj, = 1. Consider mapping
each point to 3d using the feature vector ¢(x) = [1,v/2z,2%]7T, i.e., we are
considering a kernel of the form

1
K(zi2) =1+ 2zx; + (w25)° = (1 V22, 22) [ V2z; | . (20)
22
J
The max margin classifier has the form
min ||w||? s.t. §1(wT¢(x1) + wo)
Jo(w" d(w2) + wo)
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(i) Let X3 = ¢(x1) = [1,0,0]T, X2 = ¢(z2) = [1,2,2]T. Since there are
only two points, then the decision boundary must be the perpendicular
bisector of the vector X, — %3 = [0,2,2]T. Hence, a vector parallel to
the optimal vector w can be [0,2,2].

(ii) The value of the margin achieved by this w is therefore }||x — %1 =

V2.

(iii) Using the fact that the margin = m (as | f(x;)] = 1 Vi for two-point

problem), we obtain ||| = % and hence w = 3[0,1,1]T.
(iv) Substituting all the values into the constraints in (21), we get wo = —1.

(v) Finally, we can write down the form of f(z) = —1+ 1(v/22+2?) as an
explicit function of x.
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