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1 Introduction

Consider a data set D = {x1, ...,xN} where each data point xn ∈ RD. Let the data

set be centred around the origin, i.e., x̄ = 1
N

∑N
n=1 xn = 0.

We want to find a linear and orthogonal projection of these high dimensional data
to a low dimensional subspace {z1, ..., zN} with zn ∈ RL, which we may call it an
embedding space, such that the low dimensional representation is a “good approx-
imation” to the original data, in the following sense: define a set of orthonormal basis
vectors w1, ...,wL ∈ RD (in the original space), s.t. xn ∈ D can be approximated by
the linear combination of the basis vectors with weights being the latent variables
zn:

xn ≈
L∑

i=1

zniwi ∈ RD. (1)

If we denote

X =

xT
1
...

xT
N


N×D

, Z =

zT1
...
zTN


N×L

, W =
(
w1 ... wL

)
D×L

, (2)

then the learning objective is the following reconstruction error:

L(W,Z) =
1

N
∥X− ZWT∥2F

=
1

N

N∑
n=1

∥xn −Wzn∥2

=
1

N

N∑
n=1

∥xn −
L∑

i=1

zniwi∥2.

(3)

i.e., we assume that each xn can be “explained” in terms of a weighted combina-
tion of basis vectors w1, ...,wL ∈ RD with weights being given by zn ∈ RL.

Let’s summarize our notations:

• Original data points: x1, ...,xN ∈ RD
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• Projected points: z1, ..., zN ∈ RL

• Basis vectors(principal components): w1, ...,wL ∈ RD

2 Base Case

For the base case where L = 1, let us start by estimating the best 1D solution, with
only w1 ∈ RD.

Let the coefficients for each of th data points associated with the first basis vector
be denoted by z̃1 = (z11, ..., zN1)

T ∈ RN (this vector is the first column vector of
matrix Z. The reconstruction error is

L(w1, z̃1) =
1

N

N∑
n=1

∥xn − zn1w1∥2

=
1

N

N∑
n=1

(∥xn∥2 − 2zn1x
T
nw1 + z2n1 w

T
1 w1︸ ︷︷ ︸
=1

).

(4)

Taking derivatives wrt zn1 and equating it to zero gives

∂L
∂zn1

=
1

N
(−2xT

nw1 + 2zn1) = 0 =⇒ zn1 = xT
nw1. (5)

Hence, we see that the optimal embedding of xn onto zn is by projecting the data
orthogonally onto the direction of w1.

Next, we want to solve for w1. Substituting zn1 into L:

L(w1) =
1

N

N∑
n=1

(∥xn∥2 − 2(xT
nw1)

2 + (xT
nw1)

2)

= constant− 1

N

N∑
n=1

wT
1 xnx

T
nw1.

(6)

The empirical covariance matrix is

Σ̂ = Cov(x) = E[xxT]− E[x]︸︷︷︸
=0

E[x]T =
1

N

N∑
n=1

xnx
T
n , (7)

so we can express the loss function in terms of the empirical covariance matrix:

L(w1) = −wT
1 Σ̂w1. (8)

To optimise wrt w1, adding the constraint ∥w1∥2 = 1:

L(w1) = −wT
1 Σ̂w1 + λ1(w

T
1 w1 − 1). (9)

=⇒ ∂L
∂w1

= −(Σ̂+ Σ̂T)w1 + λ1(2w1)

= −2Σ̂w1 + 2λ1w1 = 0 as Σ̂ symmetric

(10)
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Figure 1: Illustration of the variance of the points onto different 1D vectors. v1 is
the first principal component with the largest variance of the projection z1. v2 is the
second principal component which is orthogonal to v1. Lastly, v′ is some direction
between v1 and v2 [1].

Hence, we get
Σ̂w1 = λ1w1. (11)

Therefore, the optimal direction onto which we should project the data is an eigen-
vector of the empirical covariance matrix Σ̂.

Moreover, from the constraint wT
1 w = 1, we have

λ1 = wT
1 Σ̂w1 (12)

which is the negative of the loss function. Since we are trying to minimize the loss
function, it is equivalent as maximizing the λ1. Hence, w1 is the eigenvector of Σ̂
with the largest eigenvalue.

2.1 Optimal weight vector maximizes the variance of the pro-
jected data

The variance of the projected data z̃1 = {z11, ..., zN1} is given by

Var(z̃1) = E[z̃21]− (E[z̃1])2. (13)

Since the data has been centered, we have

E[z̃1] =
1

N

N∑
n=1

zn1 =
1

N

N∑
n=1

xT
nw1 = 0. (14)

Then

Var(z̃1) =
1

N

N∑
n=1

z2n1 = −L(w1), (15)

We see that minimizing the reconstruction error is equivalent to maximizing
the variance of the projected data.
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3 Inductive Step

Let’s find another direction w2 to further minimize the reconstruction error, subject
to the constraints wT

1 w2 = 0, wT
2 w2 = 1. The reconstruction error is

L(w1,w2, z̃1, z̃2) =
1

N

N∑
n=1

∥xn − zn1w1 − zn2w2∥2

=
1

N

N∑
n=1

(
∥xn∥2 − 2zn1x

T
nw1 − 2zn2xnw2 + z2n1 + z2n2 + 2zn1zn2 w

T
1 w2︸ ︷︷ ︸
=0

)

= constant− 1

N

N∑
n=1

(
2zn1x

T
nw1 − z2n1 + 2zn2xnw2 − z2n2

)
(16)

Setting derivatives wrt zn1 and zn2 to zeros respectively, we obtain

∂L
∂zn1

= 0 =⇒ zn1 = xT
nw1

∂L
∂zn2

= 0 =⇒ zn2 = xT
nw2.

(17)

Since we have optimized L wrt w1, then substituting λ1 = wT
1 Σ̂w1 into L, we would

get the new learning objective:

L(w2) = constant−wT
2 Σ̂w2. (18)

Adding constraints into the objective function:

L(w2) = −wT
2 Σ̂w2 + λ2(w

T
2 w2 − 1) + λ3(w

T
1 w2 − 0) (19)

and set
∂L
∂w2

= −2Σ̂w2 + 2λ2w2 + λ3w1 = 0 (20)

Multiply the above equation by wT
2 both sides on the left:

−2wT
2 Σ̂w2 + 2λ2 + 0 = 0 (21)

=⇒ λ2 = wT
2 Σ̂w2. (22)

Since λ1 is already taken as the largest eigenvalue, then λ2 should be taken as the
second largest eigenvalue, with w2 being the corresponding eigenvector.
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