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1 Introduction

Quantum chromodynamics (QCD) is the fundamental theory to describe the dynamics of quarks
and gluons in hadrons. It is a quantum field theory of non-Abelian SU(3) gauge field. At low-
energy regime, the QCD theory is strongly coupled and exhibits two prominent phenomena: colour
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confinement and the chiral symmetry breaking. The former confines quarks and gluons in the hadrons,
forbidding the existence of a single (anti-)quark on its own, while the latter is the origin of large
effective masses of quarks and light pseudoscalar mesons such as pions. It is admitted that only
gauge-invariant objects are observable. Hadrons are gauge-invariant (i.e. colour singlet) bound states
of quarks and gluons and thus are observed in nature as free particles. At high-energy regime, the
QCD coupling has a striking feature that it decreases asymptotically to 0 as r ≪ Λ−1

QCD. This is
another interesting phenomenon in QCD called asymptotic freedom. With this property, we can use
the perturbation theory at high energy, whereas when the energy scale decreases down to ΛQCD, the
coupling becomes too strong so that we cannot trust the perturbation theory anymore. Therefore,
we need an alternative method to conduct the analysis.

In the 50 years since formulation of QCD, it has been particularly successful at high energies
where perturbation theory can be employed. However, this rich and elusive theory still has much
left to uncover. A significant hurdle towards progress in strong-interaction physics is the low-energy
regime of QCD where the theory becomes non-perturbative. Additionally, the observed degrees of
freedom are not the quarks and gluons which define QCD but rather composite states corresponding
to colour singlets. How the underlying theory of QCD leads to the vast number of observed hadrons
is still not understood and remains an active area of research.

Lattice QCD simulation is a theoretical tool that allows us to analyse the nonperturbative nature
of QCD directly with full systematic control. The approach is based on regularizing QCD on a finite
four-dimensional Euclidean spacetime lattice and is often studied using numerical computations of
QCD correlation functions in the path integral formalism. Monte Carlo simulation has become the
primary tool for the study of nonperturbative phenomena in both quantum field theory and statistical
systems. With the development of computational equipment as well as numerical algorithms, lattice
QCD simulations have become a powerful tool to give quantitative predictions of hadronic matrix
elements such as those needed for flavour physics. Lattice QCD can also be used to explore the nature
of QCD dynamics, such as the spontaneous chiral symmetry breaking, the confinement mechanism,
the instanton dynamics, the U(1) problem, the finite temperature phase transition, and so on.

Hadron spectroscopy is a field that studies the masses and decays of hadrons. Hadron spectroscopy
is the key to the understanding of various interesting properties of QCD, such as confinement, dy-
namical chiral symmetry breaking, emergence of topological matter, etc, which are something still
not fully understood. Hadron spectroscopy experiments also aim to search for exotic hadrons, such as
tetra-quarks, penta-quarks and glueballs, which are configurations of quarks and gluons beyond the
conventional quark-antiquark mesons and three-quark baryons. The discovery and study of exotic
hadrons can provide insights into the underlying structure of matter. Figure 1 shows some examples
of the discovery of exotic candidates in the past two decades. Last but not least, hadron spectroscopy
experiments also serve as tests of the correctness of QCD. Comparing experimental results with QCD
predictions allows physicists to refine and improve our understanding of the strong force and its man-
ifestations in hadron properties. Having discussed the importance of hadron spectroscopy, we will
focus on the lattice QCD calculation of hadron spectroscopy in Section 6.

Figure 1: The X(3872) discovered by Belle [9] corresponds to the first diagram which defined
expectations from the quark model. In the middle, the Zc (3900) discovered by BESIII [2] is a
charged charmonium state. On the right is the T+

cc(3875) discovered by LHCb [1] which has two
charm quarks and integer spin and therefore must be exotic.

The structure of this essay is as follows. We will start with the derivation of formalising the
Euclidean path integral on the lattice in the subsequent Section 2, and very soon in Section 3, we will
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discuss the discretization of the QCD action on the lattice. We will derive the Wilson gauge action
and the Wilson fermion action in this section, which are the most simple forms of the lattice QCD
actions. In Section 4, we will briefly look at the chiral symmetry on the lattice. In Section 5, we will
focus on the Monte Carlo simulations of the QCD actions and the techniques for analysing the data.
Lastly, we will spend the remaining part of the essay discussing hadron spectroscopy in Section 6,
with a focus on the lattice methods for spectroscopy first, followed by the review of various spectra
from lattice QCD simulations and the discussion of resonance on the lattice.

2 The Path Integral Formalism on the Lattice

The Euclidean path integral is the basic tool for quantizing fields on the lattice. Therefore, to begin
with, we derive the Euclidean path integral expression for the Euclidean correlators in this section.

2.1 Euclidean correlators

We start by defining the Euclidean correlator
〈
O2(t)O1(0)

〉
T
:〈

O2(t)O1(0)
〉
T
:=

1

ZT
Tr
[
e−(T−t)ĤÔ2e

−tĤÔ1

]
with ZT = Tr

[
e−TĤ

]
. (1)

Here, the normalization factor ZT is also called the partition function. Ô1 and Ô2 are operators
(which can be operators that create or annihilate states, or operators that measure observables), and

the self-adjoint operator Ĥ is the Hamiltonian operator of the system which measures the energy in
the system and governs the time evolution.

The trace Tr[Ô] of an operator Ô is the sum or integral over the expectation values of Ô in a

complete basis of states. Let |n⟩ be the eigenstates of Ĥ and En be the corresponding energy eigen-

values, which are real and discrete numbers. Then, ZT =
∑

n⟨n|e−TĤ |n⟩ =
∑

n e
−TEn . Similarly, for

the Euclidean correlator,〈
O2(t)O1(0)

〉
T
=

1

ZT

∑
m,n

e−(T−t)Em⟨m|Ô2|n⟩e−tEn⟨n|Ô1|m⟩

=

∑
m,n e

−(T−t)∆Eme−t∆En⟨m|Ô2|n⟩⟨n|Ô1|m⟩
1 + e−T∆E1 + e−T∆E2 + ...

,

(2)

where ∆En := En −E0. For convenience, let’s normalize the energy E0 of the vacuum state to zero,
then ∆En = En. Now we analyze in the limit T → ∞, we then obtain the first key equation

lim
T→∞

〈
O2(t)O1(0)

〉
T
=
∑
n

〈
0|Ô2|n

〉〈
n|Ô1|0

〉
e−tEn . (3)

This is an expression that will be central to the interpretation of lattice field theory.

2.2 Deriving the path integral for the Euclidean correlator

We start by considering a real scalar field ϕ(t,x) in Minkowski spacetime. Eventually, we will work
with fermionic quark fields, but the quantization steps follow similarly. From the Part III Quantum
Field Theory course, the canonical momentum for this system is π(t,x) = ϕ̇(t,x), and the Hamiltonian
is

H =

∫
d3x

(
1

2
π(t,x)2 +

1

2
(∇ϕ(t,x))2 +

m2

2
ϕ(t,x)2 + V (ϕ(t,x))

)
.

Upon quantization, the Hamiltonian H and the fields ϕ(t,x) and π(t,x) turn into Schrodinger op-
erators with time evolution of operators given by OH = eiHt · OS · e−iHt where OH and OS denote
the operators in Heisenberg picture and Schrodinger picture respectively. The operators ϕ(x) and
π(x) obey the following canonical commutation relations at equal time:

[
ϕ(x), π(y)

]
= iδ(x − y),[

ϕ(x), ϕ(y)
]
=
[
π(x), π(y)

]
= 0.

To build up a lattice field theory, we replace the continuous space by a 3D finite lattice Λ3:

Λ3 = {an ∈ R3 | ni = 0, 1, ..., N − 1 (mod N) ∀ i = 1, 2, 3} (4)
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where the length a is referred to as the lattice spacing. The Schrodinger operators ϕ(n) and π(n)
now live on the lattice sites labelled by vector n with integer-values components n1, n2, n3. We also
want to discretize the derivatives of the fields. For small lattice spacing a, the derivative may be
approximated as

∂jϕ(x) =
ϕ(n+ ĵ)− ϕ(n− ĵ)

2a
+ O(a2),

where ĵ denotes the unit vector in the j-direction. Then we obtain a lattice version of the Hamiltonian
H for the system:

H = a3
∑
n∈Λ3

(
1

2
π(n)2 +

1

2

3∑
j=1

(
ϕ(n+ ĵ)− ϕ(n− ĵ)

2a

)2

+
m2

2
ϕ(n)2 + V

(
ϕ(n)

))
.

To derive corresponding canonical quantization relations, by analysing the length dimension, the
canonical quantization relations are replaced by the following commutation relations:[

ϕ(m), π(n)
]
= ia−3δm,n,

[
ϕ(m), ϕ(n)

]
= 0,

[
π(m), π(n)

]
= 0. (5)

where δm,n = δm1,n1δm2,n2δm3,n3 and the factor a−3 is to keep the length dimension correct.
The commutation relations (5) are satisfied when the momentum operator is

π(n) = − i

a3
∂

∂ϕ(n)
.

Using this representation, we can write the Hamiltonian for the Klein-Gordon field on the lattice as
H = H0 +Hint, where

H0 = a3
∑
n∈Λ3

1

2

(
− i

a3
∂

∂ϕ(n)

)2

= − 1

2a3

∑
n∈Λ3

∂2

∂ϕ(n)2
,

Hint = a3
∑
n∈Λ3

(
1

2

3∑
j=1

(
ϕ(n+ ĵ)− ϕ(n− ĵ)

2a

)2

+
m2

2
ϕ(n)2 + V

(
ϕ(n)

))
.

We can further introduce a 4D lattice by adding a time dimension, defined as

Λ4 =
{
(n, n4) | n ∈ Λ3, n4 = 0, 1, ..., NT − 1 (mod NT )

}
, (6)

so we can rewrite ϕ(n)j =: ϕ(n, n4) which is a more compact way. Note that the lattice Λ4 is periodic
in all four directions. Therefore, after Wick rotation, i.e., rotating the time into the imaginary axis,
the Euclidean action is rewritten as

SE [ϕ] = ϵa3
∑

(n,n4)∈Λ4

{
1

2

(
ϕ(n, n4 + 1)− ϕ(n, n4)

ϵ

)2

+
1

2

3∑
j=1

(
ϕ(n+ ĵ, n4)− ϕ(n− ĵ, n4)

2a

)2

+
m2

2
ϕ(n, n4)

2 + V (ϕ(n, n4))

}
,

(7)

with the path integral measure

D[ϕ] =
∏

(n,n4)∈Λ4

dϕ(n, n4). (8)

After applying the time slicing techniques as shown in Part III Advanced Quantum Field Theory
course, we can derive the final path integral expression for the Euclidean correlator on the lattice [15]:

⟨O2(t)O1(0)⟩T =

∫
D[ϕ]e−SE [ϕ]O2[ϕ(., nt)]O1[ϕ(., 0)]∫

D[ϕ]e−SE [ϕ]
, (9)

where the measure D[ϕ] is defined in (8) and the action SE is given in (7). The O1[ϕ(., 0)] and
O2[ϕ(., nt)] are functionals that map the whole field configuration, defined by the set of all field
values at the given time, into the complex numbers. This is the second key equation we derive in this
section that we will be using later in this essay.
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3 QCD on the Lattice

After formalising the path integral on the lattice, we are ready to look at the QCD theory on the
lattice. But before we approximate the continuous space by a lattice and develop the theory, we first
recall (from the Part III The Standard Model course) that in the continuum, the quarks are massive
fermions described by Dirac 4-spinors

q(f)α,c(x) , q̄(f)α,c(x)

where each quark carries a colour index c = 1, 2, 3, a spinor index α = 1, 2, 3, 4 and a flavour index
f = 1, ..., Nf . Note the difference in notation that we use letters a, b, c, ... to denote colours and Greek
letters to denote Dirac indices. The Dirac adjoint spinor is q̄(x) = q(x)†γ0.

In addition to the quarks, QCD also contains gauge fields describing the dynamics of gluons,

Gµ(x)
a
b

where the gauge fields carry a Lorentz index µ which labels the direction of the different components
in spacetime, as well as colour indices a, b = 1, 2, 3 because these gluon fields are SU(3) Lie-algebra
valued, i.e. they are traceless, Hermitian 3× 3 matrices at each spacetime point x.

The fermionic part (which describes the dynamics of the quark fields) of the QCD action is a
bilinear functional in the fields q and q̄, given (in Euclidean metric) by

Sf [q, q̄, Gµ] =

Nf∑
f=1

∫
d4x q̄(f)(x)α,c

(
(γµ)αβ(δcd∂µ + iGµ(x)cd) +M (f)δαβδcd

)
q(f)(x)β,d (10)

where we explicitly write out the contraction of spinor indices and colour indices.
We require the QCD action to be gauge invariant under the action of the gauge group SU(3) for

the fermion fields. Under this constraint, we get the transformation rule for the gauge field

Gµ → G′
µ(x) = Ω(x)Gµ(x)Ω(x)

† + i(∂µΩ(x))Ω(x)
†, where Ω(x) ∈ SU(3). (11)

The gluonic part of the QCD action for the gluon field Gµ(x) is a functional of only the gauge
fields Gµ and is also required to be gauge invariant, i.e., Sg[G

′
µ] = Sg[Gµ]. The field strength tensor

is Fµν(x) = ∂µGν − ∂νGµ(x) + i[Gµ(x), Gν(x)]. Then

Sg[Gµ] =
1

2g2

∫
d4x Tr[Fµν(x)Fµν(x)], (12)

where g is the gauge coupling constant. Note that we keep the gauge coupling constant as an overall
factor of the gauge action for convenience later on the lattice.

It is important to note that we will be working in the Euclidean space in the lattice QCD theory.
This is because that on the Minkowski space, there will be an oscillating factor exp(iS) in the path
integral, which is difficult to deal with numerically. It is often called the sign problem. In Euclidean
space, we have a real exponential exp(−S), which allows for efficient Monte Carlo sampling techniques,
such as the Metropolis algorithm (see Section 5.1).

Having reviewed some fundamentals of QCD in the continuum, we are now ready to derive the
QCD theory on the lattice. We will first look at the pure gauge theory on the lattice in Section 3.1,
since it is relatively easier to deal with than the fermionic part. Subsequently, we will explore the
fermion action on the lattice in Section 3.2. Lastly, we will conclude this section by summarising the
complete expression for the QCD lattice path integral in Section 3.3.

3.1 Pure gauge theory on the lattice

3.1.1 Wilson gauge action

To construct a lattice action for a gauge theory, we need two key ingredients. Firstly, the gauge action
should be SU(3) gauge invariant. Secondly, it must have the correct continuum limit. The key to
defining such an action is to introduce a field Uµ(n), called the link variables [11]. They are elements
of the fundamental representation of SU(3), related to the gauge field in the continuous case through

Uµ(n) = exp(iaGµ(n)). (13)
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n n+ µ̂

n+ µ̂+ ν̂n+ ν̂n+ µ̂n

nn− µ̂
Uµ(n)

Uν(n+ µ̂)Uν(n)
†

Uµ(n+ ν̂)†Uµ(n)

U−µ(n) ≡ Uµ(n− µ̂)†

Figure 2: The left diagram shows the link variables Uµ(n) and U−µ(n) respectively; The right
diagram demonstrates the four link variables which build up the plaquette Pµν(n), with arrows
indicating the order that the links are run through in the plaquette.

The link variable is the path-dependent gauge connection that relates the colour space at site n to the
site n+ µ̂, where µ̂ are unit vectors in the four directions, µ = 0, 1, 2, 3. The link variables Uµ(n) are
forward connections. We can denote the link variables U−µ(n) as backward connections that points
from n to n− µ̂, and is related to the positively oriented link variable Uµ(n− µ̂) through

U−µ(n) ≡ Uµ(n− µ̂)†.

The left diagram of Figure 2 depicts the link variables Uµ(n) and U−µ(n) respectively. The gauge
transformation rules of the link variables are

Uµ(n) → U ′
µ(n) = Ω(n)Uµ(n)Ω(n+ µ̂)†,

U−µ(n) → U ′
−µ(n) = Ω(n)U−µ(n)Ω(n− µ̂)†, Ω(n) ∈ SU(3).

(14)

Having introduced the concept of link variables, we are now ready to construct the gauge action
for gluon. To construct gauge-invariant gluon action on the lattice, we can consider the product of
link variables along a closed loop and then take the trace. The simplest non-trivial Wilson loop (see
Section 3.1.3 for more details on Wilson loops) on the lattice is the plaquette

Pµν(n) : = Uµ(n)Uν(n+ µ̂)U−µ(n+ µ̂+ ν̂)U−ν(n+ ν̂)

= Uµ(n)Uν(n+ µ̂)Uµ(n+ ν̂)†Uν(n)
†.

(15)

We depict the plaquette in the right diagram of Figure 2. The trace Tr(Pµν(n)) is gauge-invariant
after substituting the transformation rules (14). A straightforward calculation then shows that (see
[15])

Pµν(n) = exp(ia2Fµν(n) + O(a3)).

Therefore, the simplest lattice action (Wilson gauge action) for the gauge fields is

Sg[U ] =
2

g2

∑
n∈Λ4

∑
µ<ν

Re Tr
[
I− Pµν(n)

]
. (16)

Therefore, for pure gauge theory, from Eq.(9), the path integral of the product of observables
O1, O2, ..., On are given by

⟨O1O2...On⟩ =
1

Z

∫
D[U ]e−Sg[U ]O1[U ]O2[U ]...On[U ] , Z =

∫
D[U ]e−Sg [U ], (17)

where the gauge field action is the Wilson gauge action (16) and the integration measure for the link
variables is ∫

D[U ] =
∏
n∈Λ4

4∏
µ=1

∫
dUµ(n). (18)

3.1.2 Haar measure

The motivation for this subsection is that, before approximating the path integral (17) using the
Monte Carlo simulations, we need to address the definition of the measure

∫
D[U ] which integrates

the link variables Uµ(n) over the whole group manifold of SU(3). From the last subsection, we have

6
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seen that the Wilson gauge action is invariant under the gauge transformation (14) of link variables.
Similarly, we want the path integrals to be also gauge-invariant. For example, for the partition
function, we require

Z =

∫
D[U ] e−Sg [U ] =

∫
D[U ′] e−Sg [U

′] =

∫
D[U ′] e−Sg[U ].

This implies the requirement D[U ] = D[U ′] on the measure. We also know from (18) that D[U ] is a
product of measure, thus we derive the condition

dUµ(n) = dUµ(n)
′ = d(Ω(n)Uµ(n)Ω(n+ µ̂)†).

Since Ω(n) and Ω(n + µ̂) can be chosen independently, the measure dU for any group element
U ∈ SU(3) must be invariant under left and right multiplication with another group element V ,
i.e., dU = d(UV ) = d(V U). Together, it implies that the measure

∫
D[U ] is the so-called Haar

measure.

Definition 3.1 (Haar measure). The Haar measure [23] on the compact Lie group G is the unique
probability measure µH that is both left and right invariant over the group G, i.e., for all integrable
functions f and for all V ∈ G, we have:∫

G

f(U) dµH(G) =

∫
G

f(UV ) dµH(G) =

∫
G

f(V U) dµH(G).

The Haar measure is a probability measure satisfying the property 0 ≤
∫
S
1 · dµH(G) < 1 for any

subset S ⊆ G, and
∫
G
1 · dµH(G) = 1.

To prove that the Haar measure on SU(3) is indeed gauge invariant, we first note that ∂U(ω)
∂ω(k) U(ω)−1

is in the Lie algebra su(3). We can thus define a metric on the group:

ds2 := Tr

[
∂U(ω)

∂ω(m)
U(ω)−1

(
∂U(ω)

∂ω(n)
U(ω)−1

)†
]
dω(m)dω(n) = g(ω)mndω

(m)dω(n).

where g(ω) is a metric tensor given by

g(ω)mn = Tr

[
∂U(ω)

∂ω(m)
U(ω)−1

(
∂U(ω)

∂ω(n)
U(ω)−1

)†
]
= Tr

[
∂U(ω)

∂ω(n)

∂U(ω)†

∂ω(n)

]
. (19)

We can therefore define the measure dU as [15]

dU = c
√
detg(ω)

∏
k

dω(k), (20)

where c is a constant chosen such that the normalisation condition
∫
SU(3)

1 · dU = 1 is satisfied.

Now we just need to prove that the measure defined by (20) is gauge invariant. Let U(ω̃) be the
group element obtained by another group element V multiplying to U(ω) on the left or right. Then
the new parameters ω̃(k) and the original parameters ω(k) are related by

∏
k dω

(k) = det(J)
∏

k dω̃
(k),

where (J)mn = ∂ω(m)

∂ω̃(n) is the Jacobi matrix for the change of variables. Applying the chain rule to

(19), we get g(ω̃)mn = g(ω)ijJimJjn, or in matrix notation g(ω̃) = JT g(ω)J . Combining everything,
we find that the measure is indeed invariant

dŨ = c
√
(detg(ω̃))

∏
k

dω̃(k) = c
√
(detg(ω))(detJ)2

∏
k

dω̃(k) = dU.

3.1.3 Wilson loop and confinement

In this subsection, we introduce observables that are used to determine the potential between two
static colour sources. These observables, known as Wilson loops and Polyakov loops, are initially
introduced and their interpretation is provided later.

Definition 3.2 (Wilson loops). A Wilson loop WL [15] is a gauge-invariant object made from
two so-called Wilson lines S(m,n, nt), S(m,n, 0) and two temporal transporters T (n, nt), T (m, nt),
where the Wilson line

S(m,n, nt) =
∏

(k,j)∈Cm,n

Uj(k, nt)

7
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connects the two spatial points m and n along some path Cm,n with all link variables at time nt,
and the temporal transporter T (m, nt) being a straight line of nt link variables on time argument, all
located at spacial position m,

T (m, nt) =

nt−1∏
j=0

U4(m, j). (21)

The Wilson loop WL is then obtained by taking the trace,

WL[U ] = Tr
[
S(m,n, nt)T (n, nt)

†S(m,n, 0)†T (m, nt)
]
= Tr

[ ∏
(k,µ)∈L

Uµ(k)

]
.

The plaquette given in (15) is the simplest non-trivial Wilson loop.
The temporal gauge is a gauge on the lattice such that we set all temporal links to I, i.e., U4(n) =

I ∀n. If we are choosing the temporal gauge to fix the gauge, then the temporal transporters become
trivial, and the expectation value of the Wilson loops under temporal gauge becomes

⟨WL⟩ = ⟨Tr
[
S(m,n, nt)S(m,n, 0)†

]
⟩ =

∑
k

⟨0|Ŝ(m,n)ab|k⟩⟨k|Ŝ(m,n)†ba|0⟩e
−tEk , (22)

where the Euclidean time t = ant. We can see that the advantage of using temporal gauge is that, it
reduces the Wilson loops to the form where we can use (3) in the second equality.

Applying the transformation rule (14) of link variables, we know that

S(m,n)ab → Ω(m)ac S(m,n)cd Ω(n)†db.

On the other hand, a quark-antiquark pair q(m)aq̄(n)b at spatial positions am, an transforms under
gauge transformations as

q(m)aq̄(n)b → Ω(m)ac
(
q(m)cq̄(n)d

)
Ω(n)†db.

Thus the Wilson line has the same transformation properties as the quark-antiquark pair. Hence, the
lowest energy E1 in (22) describes the energy of the quark-antiquark pair located at spatial position
m and n. This energy is called the static potential V (r) at spatial quark separation r = a|m − n|.
Thus, we obtain

⟨WL⟩ ∝ e−tV (r)(1 + O(e−t∆E)) = e−ntaV (r)
(
1 + O(e−nta∆E)

)
. (23)

A modified version of the Wilson loop is the so-called Polyakov loop [27]. To construct the Polyakov
loop, we set the temporal argument nt of the Wilson loop infinitely large. In this case, we cannot use
the temporal gauge anymore, because we cannot gauge-transform all temporal links to I. Instead, we
can choose the ”spatial gauge” where we gauge all the spatial parts of the loop to I. Then the Wilson
loop reduces to two disconnected paths T (m, nt) and T (n, nt)

† of the temporal link variables, located
at spatial positions m and n, respectively. Since now the two pieces are disconnected, we construct
the gauge-invariant observables by taking traces of the temporal transporter (21) separately. Then
the Polyakov loop is a gauge-invariant object

P (m) = Tr

[
nt−1∏
j=0

U4(m, j)

]
.

The vacuum expectation value of the Polyakov loop is therefore

⟨P (m)P (n)†⟩ ∝ e−nT aV (r)
(
1 + O(e−nT a∆E)

)
.

Next, we are going to investigate the static potential in the limit of strong coupling. The static
QCD potential V (r) can be parameterized by the Cornell potential

V (r) = V0 −
α

r
+ σr (24)

(see, e.g., Ref. [19]). The string tenson σ is given by the leading order expression

σ = − 1

a2
ln

(
β

18

)
(1 + O(β))

8
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(see, e.g., Ref. [15]). Ref. [6] gives a novel approach to compute the static potential based on
expectation values of Wilson loops or Polyakov loops with chromoelectric field insertions.

The linear term in (24) implies that the energy increases linearly as one tries to pull the quark-
antiquark pair apart. Hence, the quark and the antiquark are confined in a strongly bound meson
state. We find that lattice QCD is very friendly to confinement. Figure 3 is a plot of the static
potential aV (an) as a function of n for two different couplings β. The plots nicely show the linearly
rising behaviour at large values of n as expected. For short distances, the data points also exhibit
non-linear behaviour which corresponds to the Coulomb part of the potential.

Figure 3: Numerical data for the static quark potential computed with the Wilson gauge action at
two different couplings β. The dashed vertical lines are drawn at a distance that corresponds to the
Sommer parameter (a way to determine the scale of the lattice spacing a). [15]

3.2 Fermions on the lattice

Having discussed the fundamentals of pure gauge theory on the lattice, we now focus on how to
construct the fermion action on the lattice. We will first introduce the so-called “naive fermion
action”. However, we will soon encounter a problem with this action that will motivate us to derive
the Wilson fermion action.

3.2.1 Naive fermion action

We have introduced the 4D lattice Λ4 in (6), so we place the spinors (quarks) at the lattice points,

q(n) , q̄(n) , n ∈ Λ4

where the spinors carry the same colour, flavour and Dirac indices as in the continuous case. We also
discretize the partial derivative as

∂µq(x) →
1

2a

(
q(n+ µ̂)− q(n− µ̂)

)
,

where µ̂ are unit vectors in the four directions, µ = 0, 1, 2, 3. Then the free fermion action S0
F (set

Gµ = 0 in (10)) becomes

S0
f [q, q̄] = a4

∑
n∈Λ4

q̄(n)

( 4∑
µ=1

γµ
q(n+ µ̂)− q(n− µ̂)

2a
+M q(n)

)
.

To construct a gauge-invariant fermion action, we consider the following gauge-invariant term

q̄(n)Uµ(n)q(n+ µ̂) → q̄′(n)U ′
µ(n)q

′(n+ µ̂) = q̄(n)Uµ(n)q(n+ µ̂). (25)

Therefore, we can generalise the free fermion action (10) to the so-called naive fermion action [15]
for fermions in an external gauge field U :

Snaive
f [q, q̄, U ] = a4

∑
n∈Λ4

q̄(n)

( 4∑
µ=1

γµ
Uµ(n)q(n+ µ̂)− U−µ(n)q(n− µ̂)

2a
+Mq(n)

)
. (26)

This is the simplest lattice implementation of the fermion action.

9
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3.2.2 Wilson fermion action

The fermion action (26), however, isn’t complete, because we need to take into account the correct
statistics, which is the Fermi statistics, since the quark fields are anti-commuting Grassmann variables.

Previously we obtained the fermion action (26). Since the action is bilinear in quark fields q and
q̄, we can re-write it in the following form

Sf [q, q̄, U ] = a4
∑

n,m∈Λ4

∑
a,b,α,β

q̄(n)α,a D(n;m)αβ,ab q(m)β,b,

with flavour indices being summed over. The Dirac operator D(n;m) on the lattice is given by

D(n;m)αβ,ab =

4∑
µ=1

(γµ)αβ
Uµ(n)abδn+µ̂,m − U−µ(n)abδn−µ̂,m

2a
+Mδαβδabδn,m.

We analyse the lattice Dirac operator D(n;m) by computing its Fourier transform for the case of
free lattice fermions, i.e. Uµ(n) = I. In this case, we ignore the colour indices for convenience and
sum over Dirac indices:

D̃(p; q) =
1

|Λ4|
∑

n,m∈Λ4

e−ip·naD(n;m)eiq·ma

=
1

|Λ4|
∑
n∈Λ4

e−i(p−q)·na
( 4∑

µ=1

γµ
eiqµa − e−iqµa

2a
+MI4×4

)
= δ(p− q)D̃(p),

where |Λ4| is the total number of lattice points and

D̃(p) = MI4×4 +
i

a

4∑
µ=1

γµsin(pµa), D̃(p)−1 =
MI4×4 − i

a

∑
µ γµsin(pµa)

M2 + a−2
∑

µ sin(pµa)
2

. (27)

If we set M = 0 in the inverse propagator in (27), this inverse propagator has the familiar
continuum limit

D̃−1

∣∣∣∣
M=0

=
− i

a

∑
µ γµsin(pµa)

a−2
∑

µ sin(pµa)
2

→ −i�p

p2
.

However, we notice that the lattice propagator for free fermions has poles not only at p = (0, 0, 0, 0)
(which is the only pole for the continuum case) but also at either pµ = 0 or pµ = π

a :

p =
(π
a
, 0, 0, 0

)
,
(
0,

π

a
, 0, 0

)
, ...,

(π
a
,
π

a
,
π

a
,
π

a

)
.

There are 15 unwanted poles other than p = (0, 0, 0, 0), which are known as the doublers. This
problem is known as the doubling problem.

A possible solution suggested byWilson [32] is to add an extraWilson term to the Dirac propagator
(27):

D̃(p) = MI4×4 +
i

a

4∑
µ=1

γµsin(pµa) +
1

a

4∑
µ=1

(1− cos(pµa)) I4×4︸ ︷︷ ︸
the Wilson term

. (28)

The Wilson term acts as a momentum-dependent mass term. For small momenta, it vanishes dramat-
ically. For each component with pµ = π

a , it provides an extra contribution 2
a to the Dirac propagator.

Hence, this term acts like an additional mass term, and the total mass of the doublers is given by
m + 2k

a , where k is the number of momentum components with pµ = π
a . As we can see, in the

limit a → 0, the doublers become very heavy and decouple from the theory, and the unwanted
poles are gone in the momentum space propagator D̃(p)−1 in this limit, while only the physical pole
p = (0, 0, 0, 0) remains. Therefore, the doubling problem is solved by eliminating the doublers from
the theory in the continuum limit after adding a Wilson term to the propagator.

Then the Dirac operator D(n;m) becomes

D(f)(n;m)αβ,ab =
(
M (f) +

4

a

)
δαβδabδn,m − 1

2a

±4∑
µ=±1

(I− γµ)αβUµ(n)abδn+µ̂,m, (29)

10
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and we finally arrive at the Wilson fermion action

Sf [q, q̄, U ] =

Nf∑
f=1

a4
∑

n,m∈Λ4

q̄(f)(n)D(f)(n;m)q(f)(m).

Substituting it into the path integral (32), we can therefore evaluate the integral over the Grassmann
variables. Fermions satisfying the Wilson fermion action are called Wilson fermions. There are also
other types of fermions such as the staggered fermions (e.g., see [11]). For this essay, we will be using
Wilson fermions throughout.

3.3 The QCD lattice path integral

Having derived the Wilson gauge action and Wilson fermion action on the lattice, we are now ready to
write down the complete QCD lattice path integral. From Eq.(9), we write the Euclidean correlators
as a lattice path integral in the form

⟨O2(t)O1(0)⟩ =
1

Z

∫
D[q]D[q̄]D[U ]e−Sf [q,q̄,U ]−Sg [U ]O2[q, q̄, U ]O1[q, q̄, U ], (30)

where the partition function Z is given by

Z =

∫
D[q]D[q̄]D[U ]e−Sf [q,q̄,U ]−Sg [U ].

In the above integrations, U is an external field. The path integral measures on the lattice are
products of measures of all quark field components and products of measures for all link variables:

D[q]D[q̄] =
∏
n∈Λ4

∏
f,α,c

dqf (n)α,c dq̄f (n)α,c , D[U ] =
∏
n∈Λ4

4∏
µ=1

dUµ(n). (31)

The fermionic part of the action Sf [q, q̄, U ] is (26), with flavour index being summed over on q and
q̄, while Sg[U ] is just (16).

For notational convenience, we denote ⟨...⟩F and ⟨...⟩G as the fermionic and gluonic parts of the
path integral, respectively, where

⟨O[U ]⟩F :=
1

ZF [U ]

∫
D[q, q̄] e−Sf [q,q̄,U ]O[q, q̄, U ] , ZF [U ] :=

∫
D[q, q̄]e−Sf [q,q̄,U ], (32)

⟨⟨O⟩F ⟩G :=
1

Z

∫
D[U ] e−Sg [U ]ZF [U ]⟨O[U ]⟩F . (33)

Here, ZF [U ] is called the fermionic partition function. It is easy to check that in (30), ⟨O2(t)O1(0)⟩ =
⟨⟨O2(t)O1(0)⟩F ⟩G. We have therefore successfully split the fermionic and gluonic parts of the action
for later analysis. This is particularly useful when running Monte Carlo simulations for the fermionic
fields and gluonic fields separately.

4 Chiral symmetry on the lattice

Chiral symmetry and its spontaneous breaking are important aspects of QCD. They explain why
pions have unexpectedly small masses. This important role of chiral symmetry and the mechanism
of its breaking require that a reasonable lattice version of QCD has to implement chiral symmetry
properly.

We start by briefly reviewing the chiral symmetry in continuum QCD. Recall (from the Part III
The Standard Model course) that the action for a single massless quark in the continuum is

Sf [q, q̄, G] =

∫
d4x iq̄γµ(∂µ + iGµ)q ≡

∫
d4x iq̄Dq.

This action has a chiral symmetry of U(1)A: q → eiαγ5q, q̄ → q̄eiαγ5 , for some real constant α. Then
chiral symmetry implies the equation

Dγ5 + γ5D = 0. (34)

11
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4.1 Wilson fermions with exact chiral symmetry

We now turn to the analysis of chiral symmetry on the lattice, starting with analysing the chiral
properties of Wilson fermions.

When we examine the Dirac operator (29) for massless Wilson fermions, we find that (34) is not
satisfied anymore. This is due to the reason that the Wilson term added in (28) comes with the unit
matrix I in Dirac space that does not anti-commute with γ5, hence violating (34). We now see that
even for massless Wilson fermions, we break chiral symmetry explicitly. As a result, we fail to expect
to capture such a subtle effect as spontaneous chiral symmetry breaking with Wilson fermions.

However, this situation cannot be simply solved by adding a term for removing the doublers
differently. This is the fundamental result proved by Nielsen and Ninomiya [25], which states that on
the lattice, one cannot implement chiral symmetry in the form of (34) and at the same time have a
theory without any doubler.

Ginsparg and Wilson in [17] proposed to replace the equation (34) by

Dγ5 + γ5D = aDγ5D, (35)

based on renormalization group transformations. This is the so-called Ginsparg-Wilson equation. To
balance the dimension, the right-hand side of (35) comes with a factor of a because the Dirac operator
has dimension 1/length. Therefore, the right-hand side vanishes for a → 0 and the continuum form
of chiral symmetry is recovered.

Multiplying both sides of (35) with D−1, we obtain

γ5D
−1(n;m) +D−1(n;m)γ5 = aγ5δ(n−m).

where we explicitly write the space-time arguments n,m of the propagators. We can see from this
that the original anti-commutator of the propagator with γ5 is modified only for m = n. The chiral
symmetry is thus partly preserved.

Based on the Ginsparg-Wilson equation, it is possible to define a modified chiral symmetry trans-
formation which leaves the lattice action for massless quarks invariant [22]. We modify the definition
of a chiral rotation from the usual δq = iαγ5q, δq̄ = iαq̄γ5 to

δq = iαγ5

(
I− a

2
D
)
q, δq̄ = iαq̄

(
I− a

2
D
)
γ5.

Then
q′ = exp

(
iαγ5

(
I− a

2
D
))

q, q̄′ = q̄ exp
(
iα
(
I− a

2
D
)
γ5

)
. (36)

We see that in the limit a → 0 reduces to the continuum transformation. In (36), the Dirac operator
is understood in the sense

(Dq)(n)α,a =
∑
m,β,b

D(n;m)αβ,ab q(m)β,b , (q̄D)(m)β,b =
∑
n,α,a

q̄(n)α,aD(n;m)αβ,ab.

By substituting the transformation rule (36) and using the Ginsparg-Wilson equation (35), we can
easily see that the Lagrangian density for massless fermions for such a Dirac operator is invariant:
L(q′, q̄′) = q̄′Dq′ = q̄Dq = L(q, q̄).

The symmetry-breaking mass term is identified as the following lattice term

m(q̄RqL + q̄LqR) = mq̄
(
I− a

2
D
)
q.

Therefore, Ginsparg-Wilson fermions with mass are described by the following operator

Dm = D +m
(
I− a

2
D
)
= ωD +mI, where ω ≡ 1− am

2
.

There are some other important consequences of the Ginsparg-Wilson equation, such as the lattice
index theorem. The lattice index theorem is a truly remarkable result: The Dirac operator depends
on the gauge field variables Uµ(n). Thus the topological charge Qtop is a functional of the gauge field,
and it is a highly nontrivial statement that this functional is an integer number (see [15] for more
detail).

12
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4.2 The overlap operator

The overlap operator is a particular solution of the Ginsparg-Wilson equation, presented by Neuberger
in [24]. Explicitly, the overlap Dirac operator is given by

Dov =
1

a
(I+ γ5 sign[H]), H = γ5A,

where A denotes some suitable γ5-hermitian “kernel” Dirac operator, i.e., γ5Aγ5 = A†, thus H is
hermitian with real eigenvalues. An alternative form of the overlap operator is

Dov =
1

a

(
I+ γ5H(H2)−1/2

)
.

The simplest choice is to use the Wilson Dirac operator for the kernel: A = aDW − I(1 + s), since
the Wilson Dirac operator is γ5-hermitian. Here, s is a real parameter with |s| < 1 with can be used
to optimise locality. DW is the massless Wilson Dirac operator (compare with (29)):

DW (n;m)αβ,ab =
4

a
δαβδabδn,m − 1

2a

±4∑
µ=±1

(I− γµ)αβUµ(n)abδn+µ̂,m.

Thus, the overlap operator becomes

Dov =
1

a

(
I+A(γ5Aγ5A)−1/2

)
.

Inserting the overlap operator into (35), we can verify that the overlap operator satisfies the Ginsparg-
Wilson equation.

To evaluate the overlap operator numerically, the main problem is to compute the sign function
of the operator H. There are two most popular approximation methods for the numerical evaluation
of the sign function, the polynomial approximation and partial fractions a la Zolotarev (see [15] for
more detail).

5 Monte Carlo simulations

We want to compute the path integrals such as (17). Since it is very hard to evaluate the integral
analytically, we usually use the Monte Carlo simulation to approximate the integrals.

5.1 Monte Carlo algorithms

The central idea is the so-called importance sampling. More generally, we want to evaluate the
expectation value of some function f(x) with regard to a probability distribution p(x) (which might
not be normalised):

⟨f⟩p =

∫ b

a
dx p(x)f(x)∫ b

a
dx p(x)

.

In the importance sampling Monte Carlo integration, this expectation value can be approximated by

⟨f⟩p = lim
N→∞

1

N

N∑
n=1

f(xn),

for xn ∈ (a, b) each randomly sampled with the normalized probability density dP (x) = p(x)dx∫ b
a
dx p(x)

.

For the path integral (17) that we are interested in, we can think of the Boltzmann weight exp(−S)
as a probability measure. Then we may write the expectation of an operator O as

⟨O⟩ = lim
N→∞

1

N

N∑
n=1

O[Un],

where each Un is sampled according to the probability distribution density dP (U) = e−S[U]D[U ]∫
D[U ]e−S[U] .
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This is the so-called Gibbs measure. Here the gauge field configurations Un are the random
variables and we approximate the integral using N such configurations.

We will discuss a few Monte Carlo algorithms below, with a specific emphasis on the Metropolis
algorithm.

Metropolis algorithm
We are going to use a Markov process to find field configuration Un. A Markov process is a process
of events in which the probability of happening of an event depends only on the single event that
preceded it. Let T (U ′|U) denote the transition probability to get U ′ from U in a Markov process,
i.e., Pr(Un+1 = U ′|Un = U) =: T (U ′|U). Then we have 0 ≤ T (U ′|U) ≤ 1 and

∑
U ′ T (U ′|U) = 1. If a

Markov process reaches an equilibrium, then we have the balance equation∑
U

T (U ′|U)Pr(U) =
∑
U

T (U |U ′)Pr(U ′) = Pr(U ′).

Detailed balance condition is a sufficient condition for the balance equation:

T (U ′|U)Pr(U) = T (U |U ′)Pr(U ′). (37)

We will use the detailed balance condition to construct the so-called Metropolis algorithm [33].
The Metropolis algorithm with Pr(U) ∝ exp(−S[U ]) consists of the following steps. The first

step is to randomly select a configuration U with probability given by T0(U |U0), where U0 = Un−1

is the initial configuration. In the second step, we accept the candidate configuration U as the new
configuration Un with the acceptance probability

A(U |U0) = min

(
1,

T0(U0|U)exp(−S[U ])

T0(U |U0)exp(−S[U0])

)
. (38)

The min function implies that TA = 1 if T0(U0|U)exp(−S[U ]) > T0(U |U0)exp(−S[U0]), which means
that the move will always be accepted if it is toward a higher probability configuration. Otherwise, it

will be accepted with a probability of T0(U0|U)exp(−S[U ])
T0(U |U0)exp(−S[U0])

< 1. If a suggested change is not accepted,

then the unchanged configuration is considered again in the Markov process. The first two steps are
repeated.

It can be checked easily that the detailed balance condition (37) is satisfied in the step Un−1 =
U0 → Un = U .

We may also use a symmetric selection probability such that T0(U0|U) = T0(U |U0). In this case
the acceptance probability (38) simplifies to

A(U |U0) = min(1, exp(−∆S)) with ∆S = S[U ]− S[U0].

The advantage of using a symmetric selection probability is that the acceptance probability now only
depends on the change of the action ∆S with respect to the change of the configuration.

We can see that what’s really powerful about the Metropolis approach is that we do not need to
know the probability function itself. Instead, we just need a function which is proportional to it, here
it is the Boltzmann weight exp(−S[U ]).

Now we apply the Metropolis algorithm in the SU(3) Wilson gauge action (16). In four dimensions,
when updating the configuration U ′ from some initial configuration U , there are six plaquettes being
affected by this change. So the local contribution to the action is

Sg[Uµ(n)
′] =

2

g2

6∑
i=1

Re Tr
[
I− Uµ(n)

′Pi

]
=

2

g2
Re Tr

[
6I− Uµ(n)

′
6∑

i=1

Pi

]
,

where

6∑
i=1

Pi =
∑
ν ̸=µ

(
Uν(n+ µ̂)U−µ(n+ µ̂+ ν̂)Uν(n+ ν̂) + U−ν(n+ µ̂)U−µ(n+ µ̂− ν̂)Uν(n− ν̂)

)
.

Then the change of the action is

∆S = S[Uµ(n)
′]− S[Uµ(n)] = − 2

g2
Re Tr

[(
Uµ(n)

′ − Uµ(n)
) 6∑
i=1

Pi

]
. (39)

We can therefore update the three steps above of the Metropolis algorithm for the case of SU(3)
Wilson gauge action [15]:

14
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1. Given some initial gauge configuration Uµ(n), update the configuration Uµ(n)
′ according to

some symmetric selection probability T0. For example, we can choose Uµ(n)
′ = XUµ(n) for

some random matrix X ∈ SU(3) in the vicinity of I, with X and X−1 having equal probability
of being chosen.

2. Compute the change of the action according to (39). Uniformly generate a random number r
from the interval [0, 1). Accept the new variable Uµ(n)

′ if r ≤ exp(−∆S) and reject it otherwise.

3. Repeat the first two steps.

We also need to specify the boundary condition on a finite lattice for our numerical simulation.
For gauge fields, we usually adopt periodic boundary conditions by the definition (4) and (6) of the
lattice. For fermions, one often chooses boundary conditions anti-periodic in one direction.

Other Monte Carlo algorithms
The heat bath algorithm [10] is a modification of the Metropolis algorithm. The method combines the
step 1 and 2 of the Metropolis algorithm into a single step and picks the new configuration Uµ(n)

′

according to the local probability distribution defined by

dP (U) = dU exp

[
2

g2
Re Tr

(
U

6∑
i=1

Pi

)]
. (40)

Here dU denotes the Haar measure (discussed in Section 3.1.2) of the gauge group SU(3). Therefore,
we can see that the heat bath algorithm can be more computationally efficient than the Metropolis
algorithm, because the heat bath algorithm update multiple variables simultaneously, reducing the
number of iterations needed to reach equilibrium.

Overrelaxation [3] is an algorithm used for updating the configurations of a system such that
the convergence of the simulation is accelerated by reducing the autocorrelation time of the Markov
chain. The starting point of this algorithm is the same as that of the heating bath algorithm, which
is the probability distribution (40). The idea of the overrelaxation algorithm is to find a new value
U ′ that has the same probability weight as U and thus is automatically accepted.

The Hybrid Monte Carlo (HMC) algorithm [15] for gauge fields and fermions combines ideas from
molecular dynamics simulations and Monte Carlo simulations. In the step of molecular dynamics
(MD) simulation, the system of interest (e.g., quarks and gluons on a lattice) is simulated using
classical mechanics, treating the lattice degrees of freedom as a dynamical system. This involves
evolving the system according to equations of motion derived from an action, which is a function
that describes the dynamics of the system. After a certain “molecular dynamics trajectory”, a
Metropolis acceptance/rejection step is performed to decide whether to accept or reject the proposed
configuration. To ensure the detailed balance condition and ergodicity, the momentum variables of
the system are typically refreshed randomly after each MC update. The key advantage of the HMC
method is that it allows for large moves in configuration space while maintaining the detailed balance
condition, thereby enhancing the efficiency of the simulation.

5.2 Data analysis for lattice simulations

An important part of the Monte Carlo analysis is the estimate of the statistical errors. In this section,
a few methods of estimating the statistical errors will be presented.

Autocorrelation
The data sample in our case is the result of a time series, thus in our Monte Carlo simulation, it
is very likely that the observables are correlated. Autocorrelation is a measure of the correlation
between a sequence and a lagged version of itself over successive time interval. It can be used to
estimate the statistical error and assess the efficiency of the sampling process, particularly for some
large data sets.

Consider a sample of a random variable Xi and suppose that we have computed the values
(x1, x2, ..., xN ) of some observable for a Markov chain of Monte Carlo-generated configurations in
equilibrium. The autocorrelation function is defined as

CX(t) :=
1

σ2
X

〈
(Xi − ⟨Xi⟩)(Xi+t − ⟨Xi+t⟩)

〉
=

1

σ2
X

(
⟨XiXi+t⟩ − ⟨Xi⟩⟨Xi+t⟩

)
,
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where σ2
X is the variance of the observable. Typically, CX(t) decays exponentially,

CX(t) ∼ exp

(
− t

τX,exp

)
,

where τX,exp is the exponential autocorrelation time for X. We consider only the largest autocorrela-
tion time τexp = supX τX,exp, which provides information on how strongly subsequent measurements
are correlated.

The most important measure of autocorrelation is the integrated autocorrelation time [31], defined
as

τX,int =
1

2
+

N∑
t=1

CX(t).

The number of effectively independent data out of N values is Nindep = N
2τX,int

.

When producing the data with 1% error, one usually needs more than 10,000τ values [5, 16].
Therefore for correlated data, the result is

X̂ ± σ with σ =

√
1

N
2 τX,int σ̂2

X ,

where X̂ = 1
N

∑N
i=1 Xi is the unbiased estimator for the mean.

Statistical bootstrap
Statistical bootstrap is a resampling method used for estimating the sampling distribution of a statistics
by repeatedly resampling from the observed data with replacement. It is a powerful non-parametric
method commonly used for assessing the variability of estimators and constructing confidence inter-
vals. Consider a set of data of size N and assume that we are interested in some observable θ which
may be estimated from the data, e.g., mean, median, mode, etc. First, we generate one bootstrap
sample by randomly sampling N data out of the original set with replacement. This means that any
data in the original data set has the chance to appear multiple times or not at all in the bootstrap
sample. Repeat this step M times, so that we have M sets of N data values each. For each of these
sets, we compute the observable θ, resulting in values θi with i = 1, ...,M . Then we can determine
the estimators for ⟨θ⟩ and σ2

θ :

θ̃ =
1

M

M∑
i=1

θi, σ2
θ̃
=

1

M

M∑
i=1

(
θi − θ̃

)2

.

Therefore, the final result for the observable is ⟨θ⟩ = θ̃ ± σθ̃.

Jackknife
Consider similarly a data set of size N and an observable θ. Let θ be the value of the observable
computed from the original data set. We construct N subsets by removing the nth entry of the
original set, n = 1, 2, ..., N , and determine the value θn for each set. Then the estimator for σ2

θ is

σθ̂ =
N − 1

N

N∑
n=1

(
θn − θ̂

)2

.

Therefore, the final result for the observable is ⟨θ⟩ = θ̂ ± σθ̂.

6 Hadron Spectroscopy

The spectrum of hadrons is a rich manifestation of the dynamics of QCD. Since there are many possible
combinations of quantum numbers such as spin, flavour content, parity etc., there is an abundant
number of possible hadrons. Apart from the conventional hadrons like mesons and baryons, there are
many other possible exotic colour-singlet combinations of quarks and anti-quarks such as tetra-quarks
(e.g.,q̄q̄qq) and penta-quarks (e.g.,q̄qqqq), or configurations with constituent gluons such as hybrids
and glueballs. To test the correctness of QCD, reproducing the masses of hadrons is a way. In this
section, we will discuss the implementation of a numerical spectroscopy calculation using the hadron
correlation functions.
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6.1 Lattice methods for hadron spectroscopy

6.1.1 Hadron interpolators and correlators

We first define the term hadron interpolator, which is a functional of the lattice fields with the
quantum numbers of state that one is interested in. The corresponding Hilbert space operators Ô
and Ô† of the hadron interpolators O and O annihilate and create the particle states that we want
to analyse.

A general local meson interpolator has the form [15]

OM (n) = q̄(f1)(n)Γ q(f2)(n), OM (m) = q̄(f2)(m)Γ q(f1)(m),

where Γ is some product of gamma matrices. The interpolators should have the same quantum
numbers as the hadrons and fulfill the same discrete symmetries. For example, if we want to create
an interpolator of the pions π±, the interpolators should fulfill

π± : isospin I = 1, Iz = ±1, charge Q = ±e, parity P = −1, spin J = 0.

The quantum numbers of the up- and down-quarks are

u : I =
1

2
, Iz = +

1

2
, Q = +

2

3
e; d : I =

1

2
, Iz = −1

2
, Q = −1

3
e.

It follows that for the right numbers of I, Iz and Q, π+ need to be a d̄−u combination, and π− need
to be a ū− d combination. We also expect them to be colour singlets. We can use the pseudoscalar
interpolators for the charged pions π+ and π−:

Oπ+(n) = d̄(n)γ5u(n) = d̄(n)α,c(γ5)αβu(n)β,c

Oπ−(n) = ū(n)γ5d(n) = ū(n)α,c(γ5)αβd(n)β,c

where the up-quark u(n) and anti-down-quark d̄(n) in the π+ interpolator are at the same lattice site
n, and similarly in the π− interpolator.

A parity transformation P acts on the lattice fields as

q(n, n4)
P−→ γ4q(−n, n4), q̄(n, n4)

P−→ q̄(−n, n4)γ4,

where γ4 := iγ0 in Euclidean space. Then the π+ interpolator transforms under parity as

Oπ+(n, n4)
P−→ d̄(−n, n4)γ4γ5γ4u(−n, n4) = −d̄(−n, n4)γ5u(−n, n4) = −Oπ+(n, n4), (41)

showing that Oπ+ indeed has negative parity, similarly for Oπ− .
Charge conjugate C transforms particles into antiparticles and acts on the spinor fields as

q(n)
C−→ C−1q̄(n)T , q̄(n)

C−→ −q(n)TC.

where the transpose of the fermion acts on the Dirac indices. Applying charge conjugation on the
interpolator of π+ gives

Oπ+(n)
C−→ −d(n)TCγ5C

−1ū(n)T = −d(n)T γT
5 ū(n)

T = ū(n)γ5d(n) = Oπ−(n),

where we used Cγ5C
−1 = γT

5 .
In Table 1, the matrices Γ for the most commonly used interpolators as well as the corresponding

quantum numbers are listed.
Next, we are ready to calculate the meson correlators ⟨OM (n)OM (m)⟩. The correlators for the

fermionic part of an iso-triplet (I = 1) operator of the form OM = d̄Γu is

⟨OM (n)OM (m)⟩F =
〈
d̄(n)Γu(n) ū(m)Γd(m)

〉
F

= Γα1β1
Γα2β2

〈
d̄(n)α1,c1u(n)β1,c1 ū(m)α2,c2d(m)β2,c2

〉
F

= −Γα1β1Γα2β2

〈
u(n)β1,c1 ū(m)α2,c2

〉
u

〈
d(m)β2,c2 d̄(n)α1,c1

〉
d

= −Γα1β1
Γα2β2

D−1
u (n;m)β1α2,c1c2D

−1
d (m;n)β2α1,c2c1

= −Tr
[
ΓD−1

u (n;m)ΓD−1
d (m;n)

]
,

(42)
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Γ States JPC Particles

I, γ4 Scalar 0++ f0, a0,K
∗
0 , ...

γ5, γ4γ5 Pseudoscalar 0−+ π±, π0, η,K±,K0, ...
γi, γ4γi Vector 1−− ρ±, ρ0, ω,K∗, ϕ, ...
γiγ5 Axial vector 1++ a1, f1, ...
γiγj Tensor 1+− h1, b1, ...

Table 1: Meson states created by local operators of the form q̄Γq.

where in the third equality, the fermions are contracted for each of the two flavours separately, and
Wick’s theorem was applied in the fourth equality.

On the other hand, the fermionic part of the correlator of an iso-singlet operator of the form
OM = (ūΓu+ d̄Γd)/

√
2 is

⟨OM (n)OM (m)⟩F =− 1

2
Tr
[
ΓD−1

u (n;m)ΓD−1
u (m;n)

]
+

1

2
Tr
[
ΓD−1

u (n;n)
]
Tr
[
ΓD−1

u (m;m)
]

+
1

2
Tr
[
ΓD−1

u (n;n)
]
Tr
[
ΓD−1

d (m;m)
]
+ u ↔ d.

(43)

The first term of (43) is the connected contribution to the correlator similar to (42), while the
remaining terms are the disconnected contributions to the correlator. The comparison between the
connected pieces in (42) and the disconnected pieces in (43) is visualised in Figure 4.

m n m n

Figure 4: The diagram on the left corresponds to the connected piece of a meson correlator, while
the diagram on the right corresponds to a disconnected piece of a meson correlator.

Having discussed the meson interpolators and meson correlators, we now focus on the discussion
of baryons. Baryons are objects made out of three valence quarks. Protons (Iz = + 1

2 ) and neutrons
(Iz = − 1

2 ), which are collectively called nucleons, are types of baryons. They are both iso-doublet,
i.e., I = 1

2 . By examining the quantum numbers, we can determine that the proton is of the type
uud, while the neutron is of the type ddu. For example, let’s discuss the proton interpolator. The
neutron interpolator can be obtained by interchanging u and d.

The simplest interpolation for the proton is given by

ON (n) = ϵabc u(n)a
(
u(n)Tb C γ5 d(n)c

)
. (44)

The interpolator ON has quantum numbers I = 1
2 , Iz = + 1

2 and J = 1
2 as needed for the proton, and

it can be checked similarly as (41) that the parity for both proton and neutron is P = +1.
Some more general spin- 12 interpolators are listed below:

ON± = ϵabcP±Γ
Aua

(
uT
b Γ

Bdc
)
, ON± = ϵabc

(
ūaΓ

B d̄ T
b

)
ūcΓ

AP±,

OΣ± = ϵabcP±Γ
Aua

(
uT
b Γ

Bsc
)
, OΣ± = ϵabc

(
ūaΓ

B s̄Tb
)
ūcΓ

AP±,

OΞ± = ϵabcP±Γ
Asa

(
sTb Γ

Buc

)
, OΞ± = ϵabc

(
s̄aΓ

BūT
b

)
s̄cΓ

AP±,

OΛ± = ϵabcP±Γ
A
(
2sa
(
uT
b Γ

Bdc
)
+ da

(
uT
b Γ

Bsc
)
− ua

(
dTb Γ

Bsc
))

,

OΛ± = ϵabc

(
2
(
ūT
a Γ

B d̄b
)
s̄c +

(
ūT
a Γ

B s̄b
)
d̄c −

(
d̄ T
a ΓB s̄b

)
ūc

)
ΓAP±,

where P± = 1
2 (I ± γ4) and baryons Σ (I = 1, S = −1), Ξ (I = 1

2 , S = −2) and Λ (I = 0, S =

−1). Three possible choices for the matrices ΓA and ΓB giving rise to JP = 1
2

+
are (ΓA,ΓB) =

(I, Cγ5), (γ5, C), (I, iγ4Cγ5).
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The correlator for the nucleon interpolator (44), for example, is

⟨ON±(n)αON±(m)α⟩F = ϵabcϵa′b′c′(Cγ5)α′β′(Cγ5)αβ(P±)γγ′D−1
d (n;m)β′β,b′b×(

D−1
u (n;m)α′α,a′aD

−1
u (n;m)γ′γ,c′c −D−1

u (n;m)α′γ,a′cD
−1
u (n;m)γ′α,c′a

)
,

showing that for baryons, only connected pieces occur.

6.1.2 Extraction of hadron eigenstates

To extract the hadron masses from the correlator, we first do Fourier transformation on the hadron
states so that the states are of definite spatial 3-momentum p:

Õ(p, nt) =
1√
|Λ3|

∑
n∈Λ3

O(n, nt) e
−ian·p,

where the spatial 3-momentum p has components pi =
2πki

aN , ki = −N
2 +1, ..., N

2 . Then using formula
(3), if the sink operator O(n, nt) is projected to zero momentum, we find

C(nt) ≡
〈
Õ(0, nt)O(0, 0)

〉
=
∑
k

⟨0|Ô|k⟩⟨k|Ô†|0⟩e−ntEk ,

for finite-volume lattice, therefore the energies Ek are discrete. For large values of nt, the lowest
energy state E0 dominates. Then

C(nt) ≈ Ae−E0nt ,

where A is some constant. The left diagram of Figure 5 shows an example of the variation of the
correlation function of a mesonic operator with the quantum number of a pion as time nt changes.
We notice that the curves are symmetric about nt = 16, i.e., the pion correlation function is identical
in nt and NT −nt up to a possible relative minus sign. This can be seen from (42) and (43). However,
this is not the case for baryon. Due to the symmetric and periodic properties of the meson correlator,
the correlator exhibits a cosh or sinh dependence on nt:

C(nt) = A′e−ntE0 ±A′e−(NT−nt)E0 =

{
2A′e−NTE0/2 cosh((NT /2− nt)E0), or

2A′e−NTE0/2 sinh((NT /2− nt)E0).
(45)

Figure 5: Result of a Monte Carlo simulation on a 163 × 32 lattice at lattice spacing a ≈ 0.15 fm.
The left diagram corresponds to the log-plot for the pion correlation function. The right diagram
corresponds to the effective mass plot (in lattice units). The different sets correspond to different
values of the quark mass in lattice units. [15]

In order to determine the range of nt such that the contribution of the exponential in higher
energy eigenstates can be neglected, we define an effective mass:

meff(nt) = log

(
C(nt)

C(nt + 1)

)
. (46)
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The asymptotic value of this function is meff = E0 [11]. Substituting (45) into (46) and solving for
meff at each nt, we can observe the range of values of nt for which the effective mass becomes constant.
This was done in the right diagram of Figure 5, where the effective mass of a pion is plotted against
time nt. We see that the effective mass is approximately constant for 4 < nt < 28. Therefore, in
this range, the contribution of excited states can be neglected, and a two-parameter fit to the form
Ae−E0nt can be performed to determine the mass of the meson. On the other hand, in the range of
nt < 4 and nt > 28, the excited states dominate.

To find the best fit, we use correlated least chi-square analysis. We need to fit the data in a range
nmin ≤ nt, n

′
t ≤ nmax by minimizing

χ2 =

nmax∑
nt,n′

t=nmin

(
C(nt)− f(nt)

)
Cov−1

N (nt, n
′
t)
(
C(n′

t)− f(n′
t)
)
, (47)

where f(nt) = Ae−E0nt with parameters A and E0. The measured covariance matrix of the data
estimated from the Monte Carlo is

CovN (nt, n
′
t) =

1

N − 1

〈(
C(nt)− ⟨C(nt)⟩N

)(
C(n′

t)− ⟨C(n′
t)⟩N

)〉
N
,

where ⟨...⟩N denotes the average over N gauge configurations.
However because of statistical fluctuations, sometimes it is difficult to determine the estimator

Cov−1
N (nt, n

′
t). A possible modification is to use just the diagonal part of the covariance matrix, so

that (47) reduces to uncorrelated fits [15].
To estimate the statistical error of the fit, we can use the statistical bootstrap or jackknife methods

described in Section 5.2.
Next, we would like to discuss several methods of extracting the energies of excited states.
Variational analysis: We may extract higher energy eigenstates by including more operators in

the correlator C(nt). If there are N interpolating operators, we may consider N excited states and
compute a matrix of cross correlators:

Cij(nt) ≈
〈
Õi(0, nt)Oj(0, 0)

〉
=

N∑
k=0

⟨0|Ôi|k⟩⟨k|Ô†
j |0⟩e

−Eknt .

for a set of N basis interpolators Oi, i = 1, ..., N . Let gjm := ⟨0|Oj |m⟩. Then the generalised effective
mass formula in matrix form is

gΓg−1 = C(nt + 1)C−1(nt),

where Γ = diag{e−Ek} [11]. Therefore at large nt, the effective energies λk = e−Ek , k = 0, 1, ..., N ,
behave as the eigenvalues of the matrix C(nt + 1)C−1(nt). We may also formulate the analysis as a
generalised eigenvalue problem

C(t+ 1)vk = λkC(t)vk

where the eigenvector vk is the kth column of g†−1. As the space of basis interpolators is increased,
the method improves and we expect that the lowest-lying eigenvalues converge first.

In [18], a generalized method of effective mass techniques was proposed. The method combined
correlation function values from different time slices subtracting the leading exponential decay, which
gave direct access to the first excited state.

[14] studied the excited isoscalar meson spectrum and observed that each state in the observed
spectrum had strong overlap only onto operators subduced from a single J value. Within a given
JPC sector of the extracted spectrum, states are found to occur in pairs with overlaps that suggest
they are admixtures of the light-quark, strange-quark basis states. We parametrize this admixture
by introducing a mixing angle, assuming the pair of states |a⟩, |b⟩, where ma < mb are orthogonal
combinations of just two light strange basis states:(

|a⟩
|b⟩

)
=

(
cosα −sinα
cosα cosα

)(
|l⟩
|s⟩

)
,

where |l⟩ ≡ 1√
2
(|uū⟩+ |dd̄⟩), |s⟩ ≡ |ss̄⟩. Assuming that

⟨l|Ol†(0)|0⟩ = Zl , ⟨s|Ol†(0)|0⟩ = 0 ,

⟨l|Os†(0)|0⟩ = 0 , ⟨s|Os†(0)|0⟩ = Zs,
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Figure 6: Effective mixing angle, αA(t), as a function of Euclidean time for the lightest two pseu-
doscalar states. Seven different operator constructions, ΓA, are indicated by different colours. The
grey band is a constant fit. [13]

then we can determine the mixing angle α, from

α = tan−1

(√
−
Zb
l Z

a
s

Za
l Z

b
s

)
.

In general, there is a good agreement between determinations from the different operators forming
our variational basis. Figure 6 is an example of the calculation of the mixing angle for the η, η′ states.

As an example of the procedure outlined above, the result of the variational analysis of the T++
1

correlator matrix on the mπ = 391 MeV lattice of volume 243 × 128 is presented in [14]. The paper
used 18 operators subduced from J = 1 (the same 9 operators in each of l and s flavour constructions),
two J = 3 operators and two J = 4 operators, leading to a matrix of size 22 × 22. The resulting
lowest eight principal correlators for the case t0/at = 5 are shown in Figure 7, and The fits to the
time-dependence yield estimates of the mass spectrum.

Bayesian analysis: To directly fit the correlation function to a hypothesis function f(nt) =∑N
k=1 cke

−Eknt , instead of minimizing (47), we minimize χ2+λϕ, where ϕ is some stabilizing function
of the fit parameters and λ is a positive real Lagrange multiplier. In [20], a stabilizing function

ϕ =

N∑
k=1

(
ak(Ek − Êk)

2 + bk(ck − ĉk)
2
)

is proposed, where Êk and ĉk are prejudices for the expected energies and coefficients. The fit is
then stabilized even if there are more fit parameters than the number of data, giving unique results
depending on the multiplier λ.

Maximum entropy method: In this method [20], we write the correlator as the Laplace trans-
form of a spectral density:

C(nt) =

∫ ∞

0

dE ρ(E) e−ntE .

The E axis is divided into a large number of increments, say 800 or 1000, with centres of each
increment being Ej , and the integral is approximated by a sum. The fit parameters are the values
of ρ(Ej) for all j. Peaks in ρ(E) signal bound states. Since the number of fit parameters is usually
much larger than the number of data points, a prior distribution is necessary.

The maximum entropy principle provides a framework for constructing priors. We normalize the
spectral density ρ(E) according to C(0) =

∫∞
0

dE ρ(E) ≡ 1, and let ρ(E) ≥ 0. This suggests that we
can think of the spectral density as a probability density. The most probable density is the one with
the largest entropy, which suggests that we choose a monotonic function of the entropy as a prior,
e.g., P (ρ) ∝ eαS(ρ), which is maximized when the entropy S(ρ) is at maximum. Using a prior of this
form, we can then fit all of the ρ(Ej) to the Monte Carlo data.
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FIG. 8: Lowest eight “principal correlators” of the T++
1 correlation matrix at mπ = 391 MeV on the 243 × 128 lattice. Plotted

is λn(t) · emn(t−t0) with t0/at = 5, and the fits to the data using the form λn(t) = (1 − An) e−mn(t−t0) + Ane
−m′

n(t−t0) with
An � 1 and m′n � mn. Light grey points are not used in the fit.

 1.0

 0.0

FIG. 9: Overlap matrix elements Zn
(`,s)i =

〈
n
∣∣O(`,s)†

i

∣∣0
〉

for the lightest eight states of the T++
1 correlation matrix at mπ =

391 MeV on the 243× 128 lattice. Each bar represents a distinct operator construction, Γ, with the color-coding indicating the
J from which the operator was subduced, and the flavor construction of the quark fields. The bars are normalized such that
for each operator the largest overlap onto any state in the extracted 22 state spectrum is 1.0.

Figure 7: Lowest eight ”principal correlators’ of the T++
1 correlation matrix at mπ = 391 MeV on

the 243 × 128 lattice. The plots are λn(t) · emn(t−t0) with t0/at = 5, and the fits to the data using
the form λn(t) = (1−An)e

−mn(t−t0) +Ane
−m′

n(t−t0) with An ≪ 1 and m′
n ≫ mn. [14]

6.1.3 Finalizing the results

Lattice calculation results are always dimensionless numbers. However, we want to compare the
theoretical results with the experimental values. Therefore, we need to convert the calculated results
to physical units such as MeV. This step is called scale setting. After determining the physical value
of the lattice constant a, we can obtain a mass M from the calculated dimensionless number for aM .
There are two main techniques to set the scale [15]:

• Setting the scale with the Sommer parameter: The Sommer parameter is a certain distance
related to the shape of the static potential used to determine the lattice spacing. The lattice
constant a has the form a = x fm for some dimensionless number x. From hadron correlators,
we have computed the dimensionless number X = aM for some hadron mass M . Therefore the
physical mass M = X/a is given in fm−1. To convert this unit to MeV, since we are now in
natural units ℏ = 1, c = 1, so 1 = ℏc = 197.327 MeV fm . Thus we have 1 fm−1 = 197.327 MeV.
Then, we obtain the hadron mass in MeV

M =
X

a
=

X

x
fm−1 =

X

x
× 197.327 MeV.

• Setting the scale with a hadron mass: In this method, one of the hadron masses M0 is used to
set the scale, e.g., the ρ meson. Then the mass in lattice units, aM0(mq), needs to be known at
several values of the bare quark massmq. One then extrapolates the data to the valuesm∗

q of the
mass parameter, where the dimensionless pion to ρ mass ratio assumes its physical value, i.e.,
Mπ(m

∗
q)/Mρ(m

∗
q) = M exp

π /M exp
ρ = 0.180. The extrapolation result is a dimensionless number
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X = aM0(m
∗
q), where M0(m

∗
q) ≡ M exp

0 where M exp
0 is the mass of our hadron in MeV obtained

in experiments. To obtain the lattice constant, a = X/M exp
0 .

For simulations with three light quark flavours, apart from determining the scale a, the masses
of the three light quarks (up, down, strange) also need to be determined. The up and down quark
masses can be either determined by the methods described above or assumed to be massless. To set
the strange quark mass, one uses a hadron containing the strange quark, e.g., the K± pseudoscalar
meson, the ϕ vector meson or the Ω baryon. For K± which has quark content u and s, its mass is
a function of mu and ms: MK±(mu,ms). First, the data are extrapolated to either the chiral limit
mu = 0, or m∗

u as discussed above. Then the K± mass MK±(ms) gets different values for different
values of the strange quark mass. Hence the data for the function MK±(ms) can be interpolated.
When the interpolated datam∗

s coincide with the experimental result,MK±(m∗
s) = M exp

K± = 494MeV ,
it gives the bare strange quark mass ms = m∗

s.
To compare the results of simulations with experimental values, one also needs to estimate the

systematic errors. There are a lot of sources of systematic errors, but here we will just list some of
them.

• Finite lattice spacing. Numerical simulations are performed at finite lattice spacing a. But
eventually, we want to obtain results for continuous spacetime, i.e., in the limit a → 0. However,
decreasing the lattice spacing for a fixed number of lattice points would shrink the physical
volume. Therefore, as we decrease the lattice spacing a, we need to increase the number of
lattice points N3 × NT too. Usually, simulations try to afford three or four values of a and
extrapolate to a = 0.

• Finite lattice volume. Numerical simulation is obtained also in finite lattice volumes. To reduce
finite volume effects, one can increase the lattice volume or perform simulations at multiple
finite volumes and extrapolate to the infinite-volume limit.

• Chiral extrapolation. Numerical results are often obtained for unphysically large quark masses,
whereas eventually, we want to approach the small quark masses corresponding to the physical
pion or in the chiral limit m → 0. However, this limit is hard to achieve (see [15]).

Figure 8: Results for the Bs meson mass for each ensemble against the lattice spacing. The
darker shaded band shows the 6 MeV error from the fit and the light band includes the estimate of
systematic errors. Error bars on the data points are uncorrelated and come from statistics, quark mass
mistuning and uncertainty in the lattice spacing. The data points have been corrected for mistuning
of valence quark masses and missing electromagnetism /ηb annihilation effects. The experimental
value is included in black for comparison. [12]

Figure 8 is an example of the simulation results for the Bs meson mass with the darker shaded
band showing the 6 MeV error from the fit and the light band includes the estimate of systematic
errors. Main sources of error include: Stats/tuning/uncty in a: 4.8 MeV, Lattice spacing dependence:
2.2 MeV, etc. (see [12] for more detail).
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Figure 9: Spectrum of isoscalar (green/black) and isovector (blue) meson states computed using
lattice QCD such that mπ = 391 MeV. The vertical height of each box indicates the statistical
uncertainty on the mass determination, while states with orange outlines are the lowest-lying states
having dominant overlap with operators featuring a chromomagnetic construction, interpreted as the
lightest hybrid meson supermultiplet. [14]

6.2 Review of simulation results

Having discussed some lattice methods for hadron spectroscopy, we now review some simulation
results with the techniques described before. Here, we will focus on the isoscalar mesons. Isoscalar
mesons, characterized by all flavour quantum numbers being zero, provide a valuable tool for exploring
the nonperturbative aspects of QCD. We will look at isoscalar spectra obtained for a range of light
quark masses on several lattice volumes.

6.2.1 Light meson spectrum

Figure 9 shows the isoscalar and isovector meson spectrum on the mπ = 391 MeV, 243 × 128 lattice,
separated by JPC . The black/green boxes indicate the degree of hidden light – hidden strange
mixing as determined by the mixing angle, extracted as described earlier. We observe that with a
few exceptions, notably 0−+ and 1++, the spectrum shows very little mixing of light and strange.
The computational challenges of these calculations currently require the utilization of masses for the
lightest quarks which are heavier than the physical up and down quark masses, leading to a systematic
shift in computed meson masses. However, since the immediate goal is to understand the underlying
QCD dynamics by studying the pattern of states, rather than predicting the mass of each meson
precisely, the computed spectrum allows us to develop intuitive rules for constructing hadrons that
generally apply to quarks of any mass (see [30] for a review).

6.2.2 Volume dependence of the isoscalar spectrum

Figure 10 shows the dependence of the isoscalar spectrum on the lattice volume. The overall pattern
of the spectrum remains stable even when the volume changes, and any alterations are generally
within the range of statistical uncertainty. This moderate reliance on volume might be unexpected,
considering that the actual spectrum in a finite volume consists of mixtures including multi-meson
states that strongly depend on volume.

The only unexpected variation with volume that may have is that of the η′, which should be
exactly stable in the calculations since the decay channel ηππ is kinematically closed. There is no
explanation for this variation, although a possible candidate might be the volume dependence of the
gauge-field configurations of non-trivial topology since they would contribute to the U(1)A anomaly
that can split the η′ from the η.
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FIG. 12: Volume dependence of isoscalar spectrum for mπ = 391 MeV.Figure 10: Volume dependence of isoscalar spectrum for mπ = 391 MeV. [14]

Figure 11: Quark mass and volume dependence of low-lying pseudoscalar mesons (left) and vector
mesons (right). Plotted against m2

π in units of GeV2. For the diagram on the right, ρ masses (labelled
by circles) shifted to the right for clarity. The vertical dashed lines indicate the actual pion mass.
The blue circle (shifted further to the right) describes the ρ as a resonance, with inner error bars
showing the very small statistical uncertainty on the mass, and outer bars showing the hadronic
width. Dashed lines indicate the decay threshold into two pions (relevant for the ρ) and three pions
(relevant for the ω). Triangles indicate the KK threshold relevant for the decay of the ϕ. [14]

6.2.3 Quark mass and volume dependence

In this subsection, we discuss the quark mass and volume dependence of two specific cases, the
low-lying pseudoscalar mesons (π, η and η′) and low-lying vector mesons (ρ, ω and ϕ).

The left diagram in Figure 11 shows the detailed quark mass and volume dependence of the η and
η′ mesons. In the previous subsection, we have discussed the unexplained sensitivity of the η′ mass
to the spatial volume at mπ = 391 MeV. Additionally, we observe that since only a 163 volume was
used at mπ = 524 MeV, the mass demonstrated there might be underestimated.

The right diagram in Figure 11 shows the quark mass and volume dependence of the low-lying
vector mesons along with the relevant threshold energies. The ρ is unstable at our lightest pion mass
and the figure shows the ρ mass extracted from analysis featuring only fermion bilinear operators.

6.3 Resonances and scattering

So far in Section 6, we have assumed that all particles in the spectrum are stable, and that quark
bilinears or three-quark operators are a reliable way to reproduce the states of interest. However,
the majority of hadrons observed in nature are not stable and are in fact resonances whose existence
is deduced from enhancements in the energy dependence of scattering amplitudes. A resonance is a
state that forms when colliding two particles and which then decays quickly to scattering states, for
example. Resonances are usually indicated by a sharp peak in a cross-section as a function of the
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centre-of-mass energy of the collision.

6.3.1 Meson resonances on the lattice

Experimentally, resonances are often observed to decay preferentially into certain sets of mesons and
not others, and these patterns can be used to infer details of the resonant state’s internal structure.
To be able to calculate the decay properties of the excited hadrons directly from QCD would provide
a powerful tool for interpreting experimental data. In the case of predictions of previously unobserved
excitations, it may also provide suggested decay channels to be examined in experimental searches.

In Figure 12 we present the cross-section for two pions to form the lightest 1−− resonance, known
as the ρ, and then to decay back into two pions. A clear bump is observed whose position and width
provide the mass and decay rate of the ρ (see [30] for a review).

Figure 12: Cross-section (in arbitrary units) for ππ → ππ with 1−− quantum numbers calculated
using lattice QCD with light quark masses such that mπ = 236 MeV. The ρ resonance is clearly
observed as a bump, and from its position and width, the mass and decay rate of this excited state
can be extracted. [30]

6.3.2 Baryon resonances on the lattice

Compared to the meson sector, baryon resonances have received very little attention, primarily be-
cause of the computational challenges. The need to compute numerous Wick contractions, potentially
involving annihilation diagrams, along with the increased computational and storage demands due
to a higher number of valence quarks and the exponential degradation of signal-to-noise ratio, ne-
cessitates vast computational resources. Furthermore, the non-zero spin of baryons adds complexity
to phase shift analysis (see [21] for a review). In this subsection, we discuss two recent calculations
investigating isospin-3/2 and 1/2 Nπ scattering in p-wave to describe the ∆ baryon and the Roper
resonance (N(1440)), respectively.

∆(1232) baryon, the lowest baryon resonance decaying to Nπ in p-wave with a branching fraction
of approximately 99.4% and a width of about 100 MeV, presents an ideal candidate for investigation
within an elastic approximation. In [4], the authors conduct a finite-volume analysis to deduce the
resonance parameters of the ∆(1232) baryon within their lattice setup. Employing a single lattice
QCD ensemble (CLS) with Nf = 2+1 dynamical flavours of Wilson clover fermions, a pion mass of
mπ = 280 MeV, and a physical lattice size of L = 3.67 fm, they observe the mass of the ∆(1232)
baryon to be close to the Nπ threshold. The phase shift as a function of the centre-of-mass energy is
depicted in the left diagram of Figure 13.

Another interesting low-lying light baryon resonance is the Roper resonance (N(1440)). It was
originally postulated by L. D. Roper to describe the Nπ scattering data below 1.7 GeV [29]. This is
the first radial excitation of the nucleon, observed in two hadronic final states, Nπ and Nππ, with a
total width of 350 MeV. The Nππ final states can arise from Nη, Nσ and ∆π, which indicates the
need for a coupled channel finite volume analysis, possibly including three hadron interpolators, to
discern the Roper resonance from the lattice. In the right of Figure 13, the bare lattice energy levels
ignoring possible strong decay modes for the ground and the first excited state of the nucleon as a
function of the pion mass squared are shown.
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Figure 13: Left [4]: qcm
mπ

3
cotδ 3

2
as a function of Ecm (centre-of-mass energy) is shown for isospin-3/2

Nπ scattering in p-wave. The ∆ baryon appears in this channel. Ecm is shown in the horizontal
axis as a (Ecm − mN )/mπ, where mN and mπ are masses of nucleon and pion, respectively. Right
[21]: A summary of mass estimates for the nucleon and its first radial excitation from different lattice
calculations.

Many resonance structures are also being discovered beyond mesons and baryons, generally re-
ferred to as XYZs. For example, charmed tetraquarks, doubly bottom tetraquarks, penta quark
systems, six quark systems and so on (see [26] for a review).

7 Conclusion and outlook

Lattice Quantum Chromodynamics (QCD) provides a systematic framework for understanding the
strong interactions between quarks and gluons, predicting particle properties that are difficult or
impossible to measure directly in experiments, such as the masses of exotic hadrons and the properties
of excited states.

In this essay, we reviewed some fundamental lattice QCD methods and hadron spectroscopy. The
essay first presented some of the important features of lattice QCD, starting with the derivation of the
path integral for the Euclidean correlator on the lattice, which is the key to building up a lattice QCD
theory. Subsequently, in Section 3, we began the discretization of the QCD action. To construct the
gauge-invariant gluon action on the lattice, the simplest non-trivial Wilson loop called the plaquette
was introduced. Then, we discussed briefly the Haar measure over the group manifold SU(3) which
appeared in the path integral and followed by the definition of Wilson loops, which are crucial for the
investigation of the phenomenon of quark confinement. Subsequently, we turned to the investigation
of constructing fermion action on the lattice. With the “naive fermion action”, the doubling problem
arose due to the 15 more unwanted poles. A possible solution is to add an extra Wilson term to the
Dirac propagator to remove the unwanted poles. We then arrive at the Wilson fermion action.

The spontaneous breaking of chiral symmetry in the continuum case of QCD is one of the most
important phenomena in QCD. Therefore in Section 4, we focus on the chiral symmetry on the lattice.
However, due to the extra Wilson term added, the Wilson fermions fail to exhibit chiral symmetry.
A solution to the problem is to propose the Ginsparg-Wilson equation. A particular solution to this
equation is the so-called overlap operator.

In Section 5, we focused on the Morte Carlo simulations in lattice QCD. We specifically discussed
the Metropolis algorithm in detail, followed by a brief mention of other algorithms such as the heat
bath algorithm, overrelaxation and the hybrid Monte Carlo algorithm. After simulation, an analysis
of the data is needed. We looked at some methods of estimating the statistical errors, for example,
autocorrelation, statistical bootstrap and jackknife, followed by a brief discussion of possible sources
of systematic errors.

Lastly in Section 6, we concentrated on hadron spectroscopy. After deriving some methodology
for calculating hadron masses and excited eigenstates, some experimental results were reviewed. We
specifically looked at the spectrum of meson states computed with light quark masses. Then we
briefly examined meson and baryon resonances on the lattice. Continuing lattice QCD efforts to
study the hadron spectrum on several volumes including all relevant multi-hadron interpolators and
to perform a rigorous finite volume analysis, are necessary to further understand these resonances.
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7.1 Further studies

Further studies in hadron spectroscopy are essential to address the challenges of several key areas
and to enhance our understanding of fundamental aspects of particle physics. Some of the crucial
directions for future research include:

1. Exotic resonances. Significant progress has been achieved using lattice QCD methods to
study the masses and strong decay widths of various hadrons from first principles (see [8]).
However, despite these achievements, definitive conclusions regarding many interesting exotic
resonances discovered in experiments remain elusive. This challenge arises mainly due to the
complex decay mechanisms of these hadrons, which involve multiple decay channels, making
the first-principle studies difficult though not impossible. Therefore, further studies on certain
exotic hadrons that are not situated too high above the lowest threshold are expected, which
will help us understand the experimentally observed conventional and exotic hadrons better.

2. Finite-volume effects. To accurately interpret lattice QCD results, a deeper exploration of
finite-volume effects is needed, especially concerning resonance properties and interactions and
ensuring that they have the correct behaviour in infinite volume (see [7]).

3. Heavy quark systems. Further studies of heavy quark systems to better understand their
spectroscopy, decays and interactions are needed (see [28]).

4. Systematic uncertainties. As we have discussed in Section 6.1.3, there are systematic errors
in lattice simulations. Exploring techniques to improve the precision and reliability of results
should also be included in future studies.
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